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Continuous random variables

In this chapter you will learn how to:

m use a probability density function that may be defined as a piecewise function

m use the general result E(g(X)) = ff(x) g(x) dx, where f(x) is the probability density function of
the continuous random variable X, and g(X) is a function of X’

m understand and use the relationship between the probability density function (PDF) and the
cumulative distribution function (CDF), and use either to evaluate probabilities or percentiles

m use cumulative distribution functions of related variables in simple cases.
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PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do | Check your skills

AS & A Level Mathematics Caleulate E(X) and Var(X). |1 ) , 5 4

Probability & Statistics 1,

Chapter 4 0204|0301
Find E(X) and Var(X).

AS & A Level Mathematics Pure Integrate and evaluate simple ‘ 5 5

Mathematics 1, Chapter 9 functions in a given interval. | 2 Evaluate Lx dx.

What are continuous random variables?

A continuous random variable is a random variable that can take all values in an interval.
It can be used to model quantities we measure, such as time or length.

A random variable could be a set of possible values from a random experiment. If the data
can take any value within a given range then we say it is a continuous random variable.
Suppose we measure the times people spend waiting for a bus at a bus stop. We know that
a bus arrives every 13 minutes, but we do not know when the last bus arrived. Here, the
waiting time is continuous and so we can model this situation with a continuous random
variable. We can calculate mean waiting times, for example, the probability we will need to
wait more than eight minutes.

In this chapter we shall study continuous random variables as well as their expectation and
variance.

We shall use the probability density function (PDF) and cumulative distribution function
(CDF) to calculate percentiles and probabilities. There are similarities with the work

you did on discrete random variables and the normal distribution in AS & A Level
Mathematics Probability & Statistics 1, Chapter 4 and Chapter 8. This work will help you
to understand how the normal distribution is created.

We shall link related variables to find the PDF and CDF of functions of a variable.

8.1 The probability density function

A probability density function describes the probability of a continuous random variable
in a similar way that a probability distribution table describes the probability of a discrete
random variable.

The probability that a continuous random variable is equal to a particular value is always
zero. This means we cannot use a table to describe the probability, so we use a function

instead.

‘We need to know the conditions for a function on a given interval to represent a
probability density function. Probability cannot be negative, and so a probability density
function can never be negative, as shown in Key point 8.1.

' The function that defines the probability density function 1s always positive.
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Condition 1: For f(x) to represent a probability density function, f(x) > 0 for all values of x.

As the random variable is continuous, instead of adding values to evaluate probabilities over an
interval, we must integrate the probability density function. Remember that integration can be
used to evaluate the area bounded by a curve and the x-axis between particular [imits. The area
between the function and the x-axis defines the probability over an interval. The total area
between the function and the x-axis must equal 1, as it represents the total probability of
the probability density function, as shown in Key point 8.2.

@ KEY POINT 8.2

‘ The area under the probability density function must equal 1.

This statement is equivalent to saying that the sum of all probabilities must equal 1.

Condition 2: For f(x) to represent a probability density function, [f(x)dx=1 for all values
of x.

Conditions 1 and 2 must both be true for f(x) to represent a probability density function.

Consider the following grouped continuous data.

0<x<10 40 0.26 0.026
10gx<15 30 0.2 0.04
15<x<20 20 0.13 0.026
e 20 < x < 30 10 0.06 0.006
30 < x <40 20 0.26 0.026
40 < x < 50 30 0.2 0.02

If we were to draw a histogram of the continuous random variable, allowing the frequency
to equal the area, we would have a histogram whose total area equals the frequency. If,
instead, we considered the relative frequencies, then the area of the histogram would be 1.
We know that relative frequency can represent probabilities.

The data are displayed in a histogram with a total area of 1.

frequency A
density
0.06 1

0.04 4

0.02 1
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In fact, this continuous data can be modelled using the following curve.

frequency A
density
0.06
0.04
/
0.02 /
0 5 10 15 20 25 30 35 40 45 50 x

The area under this curve 1s also equal to 1.

WORKED EXAMPLE 8.1

Find the value of k for which f(x) = kx? could represent a probability density function over the interval 1 < x < 3.
Answer

10 : 2 Check that the function is not negative. It is

helpful to draw a sketch.
8 Alternatively, you may be required to show that
a function 1s always positive for an interval.

6k

4k

2k

o= 3 5 b %
i Evaluate the integral with limits of 3 and 1, and
kx*dx =1
J1 equate to 1.
313
’%LJ = Substitute in the limits.
1
T P
k(? - —) =1 Take out the common factor k.
20k _ |
3
3

Therefore, & = 7 Rearrange.

To find the probability between two values of the continuous random variable, integrate
the PDF, f(x), between those values, as shown in Key point 8.3. Note that, as P(X = a) =0,
P(X <a) and P(X < a) have the same value.
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The probability between two values of the continuous random variable is:

b
Pla< X< b)= j f(x)dx = F(h) — F(a)

0 DID YOU KNOW? mm

In calculus, if we differentiate £(x), we label it f'(x) and call it the derivative. | This is why, when
| dealing with discrete
| random variables in

If we integrate £(x), we get F (x) and call it the primitive.

We will learn more about this later but, in simple terms, when we integrate a probability AS & A Level Probability
density function f(x) we find the cumulative distribution function F(x). We can use cumulative | & Statistics 1, Chapter 6, |
distribution functions to calculate percentiles of distributions and probabilities. For example, we used the following to |
Plag X< b)=F(b)-F(a). | represent the cumulative

| probability.

When dealing with the normal distribution, we use @(z) to represent the cumulative distribution
function. @ is upper case phi in Greek. Its Latin equivalent is F. The probabilities are calculated in | Flxg) = P(X < xp)
the same way from tables: —_—

Pla < X <b) = () - ®(a)

It is important to define fully the probability density function for all values of x. We must
state for which values the PDF is valid, and for which values it is 0.

%
e Consider the probability density function from Worked example 8.1: f(x) = 22% for
1l <x<3.
We should define this function for all values of x, so we write it as:

3x?
2 e
f(x)=1 26 *

0 otherwise

Now the function is defined for all values of x.

This notation can be used when dealing with probability density functions that are
piecewise functions, as shown in Key point 8.4.

@ KEY POINT 8.4

Sometimes, probability density functions are represented by a combination of different functions,
each corresponding to a part of the domain. Such probability density functions are called piccewise
functions.

WORKED EXAMPLE 8.2

Consider the continuous random variable X, which has probability density function:

kx+1) 1<x<4
flx)=14 k 4<x<8
0 otherwise

a Find the value of k. b Calculate P(2 € X <6).
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Answer
. . lj) 4 The function does not need to be piecewise continuous.
6k
5k
4k 4 £
3k | SN
2k A i
1k L
O | 23456787
4 8
J 1 k(x+ 1)dx + Lk dx=1 The total area must be 1.
o 4 : :
k = +x| +kxE=1 Take out k as a common factor to make the integration
l and algebra easier. Integrate and solve for £.

k(12—3) +k(B-4)=1

2% _,
2
= A
29
b Ensure that the probabilities correspond to the domains
of the PDF.
/—%{ It 1s easy to make a numerical mistake, so show afl of
S your working.
0 i2345E7 4
P2<X<6) =P2<X<4)+P4<X<6)
4 6
2 2
Jz29(x + 1)dx + LE dx
2 Xz % 6
{5+, +wt)
=2 ((12-4) + (6 - 4)
29
o ¥ <t)= o
29
Alternatively: Work out the area of the trapezium and the rectangle
" instead of using integration.
0.4
G.Z /‘/_
EEERPRRERE

PR X<08)=P2<X<4)+PA <L X<6)
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For the trapezium:

6 10
f(2)=—, f(4)=—
(2) 5 (4) 5
(2
PR I aaliicu S
2 29

For the rectangle:

S T I D L)
29 29
Total area = 15 + k. = 20 as before.
29 29 29
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Find the area of the trapezium.

Find the area of the rectangle. and add this to the area
of the trapezium.

1 For each of the following, state whether or not it is a valid probability density function, giving a reason.

1
—(x+3) 1€£x<3
a f(x)={1o(’c ) L

0 otherwise
% EA

c flx)=42-x 1<xg2
0 otherwise

2 Sketch the following probability density functions.

11—2(x2+3) =Y L D

a f(x)=
0 otherwise
= 0<x<?2
4

b )= % 2<x<3
0 otherwise
L 0gx<5
20

¢ =3 L_5 s¢xc17
96
0 otherwise

3 Find the value of k for which f(x)= {O

4 Find the exact value of k for which f(x) = {

x(3—-x) 0gx<3
otherwise

—3x2+%x 0<x<2
b flx)= 0 otherwise

¥ ~1Lx&2
A = {0 otherwise

represents a probability density function.

ke?6-9) 3 x <4

il s o represents a probability density function.
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5 For the given probability density function f(x) = { fg(x +1) S<x<9 nd:

otherwise’
a thevalueoflk b P(xX=17)
c P(X<39) d P(X>6)

2
6 For the given probability density function (x) = {ig(x =duebll) lagama i d:

otherwise’
a the value of k b P(X<2) ¢ P(1.5<X<3.5)
kx 0<x<6
7 Find the value of & for which f(x)= §(9 —x) 6 < x <9 represents a probability density function.
0 otherwise
g(x +1)  —1gx<3
8 Find the value of k for which f(x) = 2k2 " 3 € x <4 represents a probability density function.
~S(c+7) 4<x<T
0 otherwise
4k S xa’
9 For the given probability density function f(x) =< k(11 -x) 7 < x< 11, find:
0 otherwise
a the value of k b P(X<6)
¢ P(X>38) d P(6<X<10)

kox—x%) 0gx<3
10 For the given probability density function f(x)={ 94(5—x) 3 < x <5, find:
0 otherwise

a thevalue of k b P(X<3) ¢ P(X<4.5)

8.2 The cumulative distribution function

In this section, we shall see how to find a cumulative distribution function (CDF) from a
probability density function (PDF), and vice versa.

We know from Section 8.1 that the area between the graph of a probability density
function and the x-axis represents the probability. This area is found by integrating the
PDF between suitable limits. If we integrate the PDF between the smallest value in the
domain and use a variable as the upper limit, it will create a function that we can use to
find the cumulative probability. We will not need to integrate the PDF every time. This
is called the cumulative distribution function. We must define this for all values of x, as
shown in Key point 8.5,
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5

Let the continuous random variable X have a probability density function f(x). Then the cumulative
distribution function is defined as:

F(x)=P(X<x)= Jimf(r) dr

Note that in Key point 8.5, since the limit is the variable x, we should not use x as the
variable in the PDF. We simply choose a different letter here, known as a dummy variable.

Alternatively, instead of using limits, we could perform an indefinite integration. Then
we would use the fact that the cumulative value at the right-hand end of the domain is 1 to
find the constant of integration.

In Worked example 8.3, the probability density function consists of a single function. The
first method shows the use of limits. The second method shows how we can use indefinite
integration.

1

WORKED EXAMPLE 8.3
—x 1€£x<5

The continuous random variable X has probability density function f(x) = { 12
0 otherwise

Find the cumulative distribution function.

162
Answer

Method 1: Using the limits

Fx)= J %r dr Set up the integral. The lower limit is now 1. This is the !
112 smallest value in the domain.
1‘2 %
F(x) = i] Use ¢ within the integral since x is within the limit.
1
i |
F(x) =" 7 Integrate and substitute in the limits.

It is worth checking that F(5) =1 and F(1)=0.

Method 2: Using indefinite integration

2 g . Gl -
F(x) = J1’2 dx Since we are not using limits here, we can still use x as
our variable.

2
F(x)=%+c

Using F(1) =0 We can use either F(1)=0 or F(5)=1 tofind ¢:
;2 F(1) = 0 since no probabilities have yet been added;
0= o +c F(5) =1 since all probabilities have been added.

A
24

=
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21
F(x)=—-—
I~
0 E<1 For both methods, define the cumulative distribution
2
F(X) N X 1 ] < x g 5 fully.
1 X5 5

In Worked example 8.3, the probability density function has only one function. If the
probability density function is a piecewise function, we need to find the cumulative
distribution function for each piece of the function. We need to ensure that the cumulative
probability from previous parts of the function is added. Worked example 8.4 shows two

parts to the piecewise function.

Notice that in Worked example 8.4, the probability density function is not continuous.
However, the cumulative distribution function must be continuous.

WORKED EXAMPLE 8.4

%(xn) I<x<4

The continuous random variable X" has probability density function f(x)=<¢ 2 4<y<8
29 ST
0 otherwise.

a Find the cumulative distribution function.
b Find P2 < X <5).
¢ Find the value of a for which P(X > a) =0.1.

Answer
a Method 1 Take each function in turn. A sketch graph is useful.
If 1 €xd:
F(x) = J %([ + 1)ds Find the cumulative distribution function for the first
: function.
BidE . AT
5]
2
—2fx x| = L hg gl
20\ 2 29\2
L Ix 8
F —_ X_ + e T
()=35"2 "2

21

And when x=4, F(4)==—.
20
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If4€x<8:
X
idr
429
21 2|%
= —"4% |—
29 29|14

21 2x B )
= —+4 _—
29 28 28

L5 B

F(x) = F(4) + J

=+
29 29
Method 2

Iflsx<4

F(x) = Jz%(\ + 1)dx

o
29 29
Since F(1)=0:
0= .1 + - + ¢
29 29
Leadingto ¢= —i.
29
Therefore, for this domain:
. e 1A
277 R R S
D=35%2 "2
24
If 4 € x< 8 Flx) = Jﬁdx
- 2 _,+‘I,
B
Since F(8)=1:
1=1044
29
Ry e
29

And therefore for 4 € x < &:

2% 13

Since the cumulative distribution is continuous, the
second domain starts at 4.

Check that F(8) = 1.

Treat each part separately.

Use the condition F(1)=0.

Here there is no need to add F(4) since it becomes
absorbed into the constant of integration.

There are two values we can use to calculate k.
)
F(4) = ‘2‘—;- and F(8) = 1.Itis best to use F(8) =1,

since we may have calculated F(4) incorrectly.
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0 Xl Define F(x).
2 N 2
. W
Fo)={2 2 29
’ 2x . 13
+ — L §
289: 29
1 x>8 These can be factorised.
b Find P(2 < X < 3). Make sure that you use the correct part of F(x)

when evaluating the probability.

Pi2< X< 5)=P(X<5)=P(X<2)

=F(5) - F(2)
_2x5+13 2242x2-3
T 29
_B_5
29 29
18
PlcXel=
29
¢ Find the value of a for which P(X' > a)=0.1. Consider carefully in which domain the value of @
will lie.
F(a)=0.9

But since F(4) = % and F(8) =1 then

F(4) < F(a) < F(8).

This implies 4 <a < 8: Check that your answer is in the correct domain.
F(a) (2a+13) -
HETTR
= 655
Percentiles

A percentile is a value that has a cumulative probability equal to a given probability.

For example, the 90th percentile, @, of a continuous random variable, X, is such that

P(X < a) = 0.9. Part ¢ of Worked example 8.4 demonstrates how we find percentiles using
the cumulative distribution function. « is the value below which 90% of the area lies. It is
known as the 90th percentile. We need to be able to find a percentile, or show it correct to
a given accuracy.

More generally, the nth percentile, a, of a continuous random variable, X, is

P(X<a)= %, as shown in Key point 8.6.
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KEY POINT 8.6

The nth percentile, a. of a continuous random variable, X.is P(Y < a) = i%)-.

For the cumulative distribution function, F(a) = 1%, as shown in Key point 8.7.

KEY POINT 8.7

For the cumulative distribution function, F(a)= -lnTO where « is the nth percentile.

The important percentiles are shown in Key point 8.8.

The median F(m)=0.5
The lower quartile F(gq))=0.25
The upper quartile Flg:) =0.75
WORKED EXAMPLE 8.5
166 Ox 1 x<0
Let X be a random variable with cumulative distribution function F(x) = e? —° Bk B
e’ —1
a Calculate the median. 1 x> 3,
b Calculate the lower and upper quartiles.
¢ Calculate the 40th percentile.
Answer
=13 7 Lol : 1
a F(m)= i1 =5 Set the cumulative distribution function equal to =
e’ — 2
ar— |
= 3 + 1 Rearrange and solve.
3_
m = In (e : + 1)
2
mi= 2.355
. ef—1 1 i T N e . 1
b F(g)= ; =4 Set the cumulative distribution function equal to —.
e’ —1
s g =]
el = = +1 Rearrange and solve.
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-1
g1 = ln (e 2 + ])
g1 =1.753
gr—-1 3 R ; 3
F(g3) = L =l Set the cumulative distribution function equal to T
3 -1)
e = — +1 Rearrange and solve.
3(e*-1)
g3= In ( 2 + )
g3 =2.729
¢ Fla)= 61 = : =04 Set the cumulative distribution function equal to 0.4.
P
=040 -1)+1 Rearrange and solve.
a=In[04(e* - 1)+ 1]
a=2.156

In Worked example 8.5, we were given the cumulative distribution function to start with.
Sometimes we may need to find the CDF before calculating the median. Also, we may
need to use some numerical methods to show that the value of a median, or in fact any
percentile, is correct to a given level of accuracy.

WORKED EXAMPLE 8.6
i( ; +%) 0<x<g2

Let X be a continuous random variable with probability density function f(x)=1< 10
0 otherwise.

Show that the median is 1.52, correct to 3 significant figures.

Answer

There are two methods we can use to solve this. First, we can find F(x) and equate it to 0.5. Second, we could
build this value into the limits for integration.

Method 1: Evaluating the integral directly

F(m) =P(X < m):J é—(r2+l dr=0.5
010 3
3 m
i I__l_i =0.5
10[{3  3Jo

%(1713 +m)=0.5
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This leads to:
gm)=m*+m-5=0 This is a cubic that does not factorise.

You should not use a calculator to solve this as the
question asks you to show that the median is 1.52
correct to 3 significant figures.

Since m = 1.52 (3 significant figures)

m e (1.515,1.525).

g(1.515) = 1.515% 4+ 1.515 — 5= —0.0077....negative This is covered in AS & A Level Pure Mathematics 3,
3 254 Chapter 6.
o(1.525) = 1.525% + 1.525 — 5= 0.0715....positive s
Since g(m) is continuous and there is a change in sign,
m must be within the interval.
So m = 1.52 (3 significant figures).
Method 2 The advantage of finding the cumulative distribution
Y30 function F(x) rather than the probability directly
F(x)= .[(11‘_(# + —) dt is that it is possible to use this for other percentiles
as well.
i L
Fx)=¢ —(x"+x) 0<x<2
1 x> 2
I Lols = mic 1525, The principle here 1s the same. Instead of locking

A for a change in sign, we look for the values being
then F(1.515) € 0.5 < F(1.525) and vice versa. cithor side Of 0.5.
F(1.515) = 1—10 (1.515% 4 1.515) = 0.499... < 0.5 The F(x) values are either side of 0.5.

Bi.528)= \11_0(1.525-‘ +1.525) = 0.507... > 0.5

Therefore m = 1.52 (3 significant figures).

Method 2 of Worked example 8.6 can be used to show any percentile to a given level of
accuracy. We may not always be able to calculate the exact value.

We can find a cumulative distribution function from a probability density function by
integrating. We may also need to find the PDF from a given CDF. This helps us calculate
the mean or variance for a continuous random variable, as we cannot find this directly from
the cumulative distribution function. We differentiate F(x) to find f(x), since differentiation
is the inverse operation to integration. This is shown in Key point 8.9.



Chapter 8: Continuous random variables

KEY POINT 8.9

Let the continuous random variable X have a cumulative distribution function F(x). The probability
density function is defined as:
dF(x)
f(x) =
(x) &
If the function is piecewise. then, as in Worked example 8.7, make sure that all parts are
differentiated.
WORKED EXAMPLE 8.7
0 x<0
2
%é 0<x<6
A continuous random variable, X, has cumulative distribution function Bix)= ) 2
—(9x——-27] 6<Kx<18
54 4
| otherwise.
Find f(x), the probability density function.
Answer
I 0 oz 63
St epl Differentiate F(x) to find f(x).
dx 54
IE6=mws 18
dF(x) 1(9 . ﬁ)
i3 54 2
14 0< x<6
; # In the regions x < 0 and x > 18 we differentiate to 0.
f(x) = L( = ﬁ) 6< x< 18 This 1s reflected in the ‘otherwise’ comment.
54 2
0 otherwise

We can use the probability density function to find the mode of a function, as shown in
Key point 8.10,
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Q KEY POINT 8.10

The mode is the highest point on a probability density function and so is either a stationary point or

at the end points of the domain.

2
Given f(x) defined as > 0 for @ € x < b, then the mode is at dif(x) = O[d—jf(x) <0| or aorbh.
X dacs
YA ] i 3 ; df(x)
0.6] Here the mode is at the stationary point and is found at =)
‘ 7
: : d*(x)
0.4 It 1s also a2 maximum — < 0f.
dx*
0.2
o5
YA Here, we have a stationary point, but it 1s 2 mimmum. We can see
0.6 that the maximum value is at the start of the function.
o \/
0.2
B G
170 The mode is a useful measure of central tendency, particularly if the data are highly
skewed. We can also use the mode to discuss whether a dataset is positively or negatively
skewed.

WORKED EXAMPLE 8.8

For each of the following probability density functions, find the mode.

i(S)C—xz) 0<x<6
72

0 otherwise

%(2x+3) 2€xg7

0 otherwise

0 otherwise

1 2
—(@Bx—-x7) 0€x<g6 : A :
72( %) : We know that the stationary point 1s a maximum.

0 otherwise

. f(x):{ig(xz—mﬂw) 1< xg7




Stationary point:

< ({(9) = (8- 20) =0

Maximum where x = 4:

£(0)=0
_2
f(4)—9
=4
£(6)=¢

The mode is therefore when x =4.

—1—(2x+3) 2EEET
60

b f(x)=
0 otherwise

; 7
(2= —
(2) P

17
f(7)=—
(7 %

The mode is therefore when x=7.

Alternatively, since the function is linear and
always increasing, we can deduce the maximum
value will be at x=7.

1. 5
x*— 10x 1€ o€
& TR 480 10x + 29) 20 7

0 otherwise
Stationary point:

doge g Lo v
3, Te) = e 2x—10)=0

Maximum where x = 5;

HU:%
f@p:é

|
(1) =

The mode is therefore when x=1.

Chapter 8: Continuous random variables

We need to work out the values of potential maxima.

Choose the greatest value.

Since the function is linear, it has no stationary points.

Choose the greater value.

Find the stationary point.

Work out the values of potential maxima.

Choose the greatest value.

If the functions are more complicated, use a graph to help you, as shown in Worked

example 8.9.
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WORKED EXAMPLE 8.9

1
@x 0<x<8
Given f(x)=45 x 8 < x <20 find the mode.
24 96
0 otherwise
Answer
Mode = 8 It is easy to see where the mode is from the graph.
VA
0.15 1
0.10 4
0.05
0O 5 o 15 wX
172 1 Find F(x), the cumulative distribution function for:
i(5—3)6) -4<xg1
f(x)= <4 95 SO

0 otherwise

2 Find F(x), the cumulative distribution function for:

1, 2
o 18 £xX<
F(0) = 9(x 8x+18) 2<x<5

0 otherwise

3 Find F(x), the cumulative distribution function for:

T 3 Lx< )
ocf= % 7<x<13
0 otherwise

4 Find F(x), the cumulative distribution function for:

4
E(X*]) 1&<_.X<4

)= 21 -29 Ao e
27 2

0 otherwise
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5 Find F(x), the cumulative distribution function for;

(1

0<x<5
24
1
—(x—-4) 5€<x<7
f(x)=<24(l ) X
é T€<x<12
\O otherwise

1
: ; — (1 2= £xg7
6 For the given probability density function: f(x) = 28( ) 35w
0 otherwise

a find F(x)
b calculate F(5)
¢ find P(4 < x <6)
d find m such that F(m) = 0.5. Give your answer to 2 decimal places.
3
7 For the given probability density function: f(x) = ﬁ(x 3R o] B LT
0 otherwise
a find F(x), writing your answer in the form %(x — b)(x — ¢)*, where a, b, ¢ are positive integers
b find P(X < 4)
¢ find P(X> 5).

%(13—)() 4<x<7

8 For the given probability density function: f(x) =¢ 1 G+11) T<x<16
270 D
0 otherwise
a find F(x) b find P(X <6)
¢ find P(X < 11) d find @ such that P(X > a) =0.75

e find m such that F(m) = 0.5, giving your answer to 3 significant figures.

1 2
i ili i i oo~ 18x+83) 6<x<15
9 For the given probability density function: f(x) = < 99 (x x+83) 6<x
0 otherwise

a find F(x)

b find P{X> 8)

¢ show that the upper quartile is 14.3, to 1 decimal place.

— (X" +4x*+1) 4<xg1

@ 10 For the given probability density function: f(x) = { 335
0 otherwise

a find the mode

b show that the 40th percentile is —2.56, correct to 2 decimal places.
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8.3 Calculating E(g(X)) for a continuous random variable

L R RS R e

In AS & A Level Mathematics Probability & Statistics 2, Chapter 2, we found both E(aX + b)
and Var(aX + b) for discrete random variables. Also, in Chapter 4, we found E(X) and Var(X) for
continuous random variables.

For discrete random variables we could simply recalculate the expectation and variance by
redefining the variable, for example:

| — | —
o= | N
B = | w2

When Y =3X + 7, we can write the probability distribution of Y as:

10 13 16
1 & 1
3 6 2

We can calculate E(3X + 7) and Var(3X + 7) from this table.

For continuous random variables we cannot use this method. We need to be able to
find E(g(X)) and Var(g(X)) from their probability density function, as shown in

Key point 8.11.
174

¥x means ‘for all x’.
This notation allows us
to find the area when
there are many domains

E(Y) = L *f(x)dx and E(g(X)) = L g(x) f(x) dx for ;he conti_nsfus
X x randaom variabie.

Let X be a continuous random variable with probability density function f(x). Then:

There are similar integrals in AS & A Level Mathematics Probability & Statistics 2.

You may have used these to calculate E(X?) to find Var(X): E(X?)= [ xzf(x) dx and
Vx
Var(X) = B(X?) - [E(X)]*.

WORKED EXAMPLE 8.10
T
l(ﬁ’5+~> 0<x<25

A continuous random variable, X, has probability density function f(x) =45\ 5 2
0 otherwise.

a Find E(X).
b Find E(X(X + 1)).

Answer

a E(X)= J xf(x)dx From the definition.
Vx
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25 ) s
= EJ 6;C + %dx Multiply and simplify.

0 2

1 2x3 )C2 245
-t
2(2.5) 2
= ;(( ( z ) +- 2'45 ) - 0) Substitute in limits.
=1.5625 Always check to see if the answer makes
sense. It must be between 0 and 2.5.

b E(g(X)) = L _g(x) () dx From the definition.

2.5
E(X(X+ 1)) = J x(x+ 1) % 2 6—‘\+ l)dx
0 5\5 2
2.5

1“8 112 . 5 :
== = + —d: .

5J0 s + TR b Multiply out and collect like terms
LM o g

5010 30 4o

32.5)¢ 17257 2

:é(( (10) 4 (30 ) +2'5) = O) Substitute in limits.

E(X(X + 1)) = 4.427083...

= 4.43 (to 3 significant figures) Evaluate.

WORKED EXAMPLE 8.11
X

E 0 x<3
A continuous random variable, X, has probability density function f(x)= ¢ 1 .
§ 3 £ X< 8
0 otherwise
Find E(i).
X
Answer

From the definition.

Be(0) = | st
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E (1) e | (L> dox + J. %(é ) dx Since there are two domains, integrate over all values
" of x. Split the integral into sections to do this using the
given domains.

& 8]
= | —dx+ | —dx
0l2 18x

[ v 3 ] 8
= [ 2] 4 5] Integrate.
12}0 8 3
1 I 1
=[-=0)+(=In8—-=1n3 Evaluate.
4 8 8
. 2 +1n 8 Simplify.
8 2]
—0.3726036... Make sure you read the question carefully. You may be

G opns . required to leave your answer in exact form.
=(.373 (to 3 significant figures)

O DID YOU KNOW?

Another name for E(X) is the first moment of the distribution of X and, using this, we can find a
measure of centrality. It links to finding a centre of mass, using moments, in Mechanics.

176 E(X7) is called the second moment and links to measures of dispersion.

E(X") is called the nth moment of the distribution of X. When s = 3, we can calculate some
measures of skewness and, when »n = 4, we are able to analyse kurtosis, a measure of how “flat’ a

distribution is.

X

—— L ¥ €20
1 f(x)=+ 200
0 otherwise.
a Find E(X). b Find E(X?). ¢ Find Var(X).

2
. . ) . o L(7-x) 2<x<S
2 The continuous random variable X has probability density function given by f(x) = { 21

0 otherwise.
a Find E(X). b Find E(X?). ¢ Find Var(X).
1
z 5 x<8§
3 The continuous random variable X has probability density function given by f(x)= ¢ 1
— 8« x< 14

15
0 otherwise.

a Find E(X). b Find E(X?). ¢ Find Var(X). d Find SD(X).
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3

The continuous random variable X has probability density function given by f(x) = 1 {6 — %) Gene 16
200 h
0 otherwise,

a Find E(X). b Find E(X?). ¢ Find Var(X).

5 1

—(3+—=]1< 5
The continuous random variable X has probability density function given by f(x) = 64( xz) TS

0 otherwise.

Find E(X), giving your answer in the form a(b + In ¢).

1
; . . . . —(23 - £xg 11
The continuous random variable X has probability density function given by f(x) = 56( K P

0 otherwise.
Find E(X(X — 1)).
. . " _ o 1-Z 1<xg3
The continuous random variable X has probability density function given by f(x) = 4 _
0 otherwise.
Find the exact value of E(e¥).
The continuous random variable X has probability density function given by
3,2
——(x"—10x4+22) 4<x<6
s d T8 I R) AXAK
10 otherwise.
Find E(%) . Give your answer in the form alnb + ¢
X
4
The continuous random variable X has probability density function given by f(x) = b 3<x<5
10 h
0  otherwise.

Find E((X - 2)2).
%(5 ~%) 1<x<3

The continuous random variable X has probability density function given by f(x) = %(x -3) 3<x<7
0 otherwise.
. 1
Find E — ).
X
0 x<l1
For the given cumulative distribution function: F(x) = %(J@ +5x—-6) 1<x<3
1 x>3

a show that the median is 2.32, correct to 3 significant figures
b find the mode
¢ find E(X)

d use your answers to parts a, b and ¢ to comment on the skewness of the distribution.
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8.4 Finding the probability density function and cumulative
distribution function of ¥ =g(X)

In Section 8.3 we saw how to find E(Y), where Y = g(X). We now need to calculate the
probability density function and the cumulative distribution function for the continuous
random variable Y = g(X). This will allow us to calculate percentiles and probabilities for
these functions. With a discrete random variable, we can simply recalculate the probability
distribution and cumulative distribution. We will work with a discrete random variable
with the following probability distribution. This will help us to develop some ideas that we
can use later with continuous random variables.

GO | — |
Co ||

And cumulative distribution:

3

b | = | —
o0 | L |t

1

Consider ¥ = X?. The probability distribution is:

o= | &~
oo |w | o

1
1
2

Or, equivalently, using X:

b — | —
co|— | b
colw | w

And cumulative distribution G(y):

1 4 9
s | s |

Or, equivalently, using X:
3

M= | —
colLh |

If ¥=h(X),then G(») =P(X < h7'()).
Consider Y = —X. The probability distribution is:

=3 -2 ~1
1

1
8 2

oo | W




Chapter 8: Continuous random variables

And cumulative distribution G(y):

-3 —2 -1

0o | W
b | =

Or equivalently, using X"

(NSRRI
ColLn |
—_ (O8]

Here, we can see that if Y= h(X), then G(y)=1-P(X < h™'(y)).

Consider Y= % The probability distribution is:

co|w [ —
50 [ b0 —
B | =

And cumulative distribution G(y):

oo | W|—
R —= M=
- —

Or, equivalently, using X

1 2 3
& Bl 1
2 8

Here, we can see also that if ¥'=h(X), then G(y) =1 - P(X < h™'(y)) for a discrete
random variable.

For continuous variables we cannot do this. Instead, we use a similar idea with the
cumulative distribution function of ¥ = g(X), as shown in Key point 8.12.

@ KEY POINT 8.12

For a continuous random variable, X, with cumulative distribution function F(x) and a function
Y'=h(X), we find the cumulative distribution function G(y) by:

P(X < h7'(»)) =F(~1(»)
G =P(¥Y< y}= or
P(Xzh () =1-Fh ()
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WORKED EXAMPLE 8.12

0 x<0
2
Consider the continuous random variable X with cumulative distribution function F(x) = T6 0<x<4
1 x>4.
Find the cumulative distribution function of ¥ = X2,
Answer
0 ol
F(x) = 1‘6 0<x<4 Y= X2
1 x>4 Note that as X increases, so does Y.
This becomes important later.
Consider G(y) = P(Y <€ ), which is also Apply this now to the CDF.
P(X < V) = F(Vy)
0 Vy <0
_ (Vy)?
F(Vy)= T 0<vVy<4 This is the same as F(x) with the function applied.
1 Vy>4
0 »<0 Write in terms of y.
GO ={ > 0<y<16 1 -
o) = T Y= This is the full description of the cumulative distribution
1 y>16 function for X
In Worked example 8.12 we saw how to find the CDF of a function of X from the CDF of
the continuous random variable X.
What if we start with the probability density function of X and need to find the
PDF of ¥V =g(X)?
We cannot do this directly, but there is a way, using the material covered so far:
f(x) the PDF of X — F(x) the CDF of X — G(y) the CDF of ¥ — g(y) the PDF of ¥
WORKED EXAMPLE 8.13
& ] & D
% X & . aqe
A continuous random variable, X, has probability density function f(x) = ¢ 3.3 h . Find the probability
0  otherwise

2

density function of ¥ = XT
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Answer
Find F(x) first:

B = J i

—ds
1373

0 %<l
Therefore, F(x) = (1 - 12) 1< o
1 * )

4 ; ¥

Now consider the function Y= T

X=2Y
G(y) =P(Y < y) =P(X < 2vy)
G(y) = F(2vy)

F2F:i<1— 1 )
(2vy) > W
4 1

G(V):g—?)—y

The domain of F(x) is 1 < x< 2.

And of F(2vy): 1 €2vy <2

1<4y<4
1
gy 1
4 g
|
0 4=
nRY
Therefore, G(y)=¢ 4 1 l{y{l
3 dp a4 ¢
1 el

Always calculate the cumulative distribution function first.

Make X the subject.

Apply this to the cumulative function.

Now consider the domain.

Apply the function, rearranging to make y the subject.

It 1s useful to check:
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dG(y) ; ;
g(y) = Differentiate.
dy
1
80 =—;
3y
17
—— S Y & _ ; .
Andg(y) = § 3,2 4 As required. Remember to define fully the probability density
0 otherwise function.

When we deal with reciprocal or negative functions, we need to be very careful about how
we define the cumulative distribution function. For example, as in Worked example 8.14, if

the functionis Y= %, ensure that you define the correct domain.

WORKED EXAMPLE 8.14

Let the continuous random variable X have probability density function

8
— l<x<g2
fx) =4 35
0  otherwise,
183 Find the probability density function of ¥ = %
Answer
Bl = Jidx Find E(x).
3x3
i i, +c Find the constant of integration
3% instead of using limits.
4
e fiifics | Use F(2) = 1.
3(2)°
Therefore, o= %

And F(x)= 4(1 . 1).

= 7\'1

Since we are taking the
reciprocal, change the inequality.
Think about why the inequality
switches over in this example.

Now consider the function ¥ = %
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The domain for F(x)is 1 < x < 2. The same care is required for the
domain.
<l
¥
The domain for G(y) is therefore Check the domain for the

reciprocal function.
<y<L

b | —

Check:

Therefore, G(y) = l(4y3 -1) =<

3 5 o | 1 1 12
G — =—4 = ""]. =O
1 y>1 2 3 2

G(1)=%(4(1)2— =1

dG ; :
g(y) = dy(y) Differentiate to find g(y).
8y
) ==
3 Always take your time
8y 1 - when finding the CDF
P — —g£yg of a function of X, and
eUI=33 2 Define fully g(»). notice when you need to

change the inequality.

|

1 F(x)=

0 x < —4
3 Flx)= %(——?wcz + 10x + 88) —4 < x < 1. Find the cumulative distribution function 4 = 3X — 22.

0 x<0
2 Flx)= i(.7c3 + x) 0 < x < 2. Find the cumulative distribution function of 4 = X°.
{ | otherwise

4 The continuous random variable X has cumulative distribution function given by

0 x<1
F(x) = %(x2 —1) 1< x < 2. Find the cumulative distribution function of:
1 x>2

a A=Xx? b B=vX
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5 The continuous random variable X has cumulative distribution function given by
0x<0
1
F(x) = %(xz +20x) 0<x<10
x> 10

Find the cumulative distribution function of ¥ = 100X2.

1
. . g . ; —(4 - 0g<x<4
6 The continuous random variable X has probability density function given by f(x) = 8( #) bs ws

0 otherwise.
a Find F(x).
b Find the cumulative distribution function of ¥'=3X -2,
¢ Find the probability density function of Y.
2
; ; - . . . — Ig€xg2
7 The continuous random variable X has probability density function given by f(x) = 4 ;2

%
0 otherwise.

a Find F(x).

2
5 il el deibdenel P2

184 ¢ Find the probability density function of Y.

8 The continuous random variable X has cumulative distribution function given by

0 g ]
F(x) = _é(l— 1) 1<x<5
24\ 2
1 otherwise.

a Find the cumulative distribution function of ¥ = iX

b Find the probability density function of ¥

9 The continuous random variable X has probability density function given by f(x) = 22—5(5 —#l DRSS
0 otherwise.
a Find F(x).

b Find the cumulative distribution of ¥'=5-2X.

¢ Find P(¥Y<2).

d Find P(-2< ¥<2).

e Find the probability density function of Y.
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2
che a5 WL —(6-r 1<£rg6
0 10 A circular ink blot has radius r, described by the probability distribution f(r) = { 25 (©-nlsrs

0 otherwise.
a Find F(r), the cumulative density function.

b Find G(A), the cumulative distribution function for the area of the ink blot.

¢ Find the probability density function for the area of the ink blot.

(2] WORKED PAST PAPER QUESTION

The continuous random variable X has probability density function f given by

1
= <x<
Bl = 6x 2€x<4

0 otherwise

i  Find the cumulative distribution function of X.

The continuous random variable ¥ is defined by ¥ = X3, Find
ii  the probability density function of ¥
i the value of k for which P(¥ > k) = %

Cambridge International AS & A Level Further Mathematics 9231 Paper 21 Q7 November 2016

Answer
1. 2€&x<4d
| =T 5%
0 otherwise
ForZs e s Integrate to find F(x).
= ol b ’
Flx)=| —tdt=|-— Use a dummy variable.
26 12]2
2 2
T 2 Evaluate.
2, 2
|
(%) ="
W=1"3
0 <2
2
F()={ & - % 3 L ag i bl

1 s
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Gl =B(Y<))=P@E" <)

yio
G()="———
) 2. -3
g0) ==y
18~
i
2€3g4
8y o4
—
—y 3 BLypL64
g() =< 18 i
0 otherwise

P(Y=k)=1-P(Y<k)

:1—6(."\’)
2
K1 7
l——+-—=—
2 3 12
2
W & 1
12 12, 12
g
k3=9
5
k=92

State G(y) in terms of X.

Define G(»).

Differentiate to get g(y).

Define g(y) fully.

Consider the cumulative probability.

Solve for k.
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Checklist of learning and understanding

Probability density functions:

® For f(x) to represent a probability density function, f(x) > 0 for all values of x.

® fo(x) dx=1

Cumulative distribution functions:

e F(x) =r f(r)dr

dF(x)

T f(x)

Expectation of functions of X:
o B(0)=] s
Finding the cumulative distribution function of a function of X:

P(X < h™'(») = F(h~1()

e G(y)=P(¥<y= { or
PX2h7'(»)=1-Fh'()

187
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@

1

The time, T seconds, between successive cars passing a particular checkpoint on a wide road has probability

1 —oon
density function f given by f(r) = { 1006 120
0 otherwise.

i  State the expected value of 7.
ii Find the median value of 7',

iii Sally wishes to cross the road at this checkpoint and she needs 20 seconds to complete the crossing.
She decides to start out immediately after a car passes. Find the probability that she will complete the
crossing before the next car passes.

Cambridge International AS & A Level Further Mathematics 9231 Paper 21 Q7 November 2014

O |m——————
TV} D ——

—
>
X

The continuous random variable X takes values in the interval 0 € x € Sonly. For 0 € x < 5 the graph of its
probability density function f consists of two straight line segments, as shown in the diagram.

0sx<2

1

gx
a Find k and show that f is given by f(x) =< 1 5L ol

4 ~ ~=

0

otherwise.
b The random variable Y is given by ¥ = X%
i Find the probability density function of ¥.
ii Show that E(Y)=10.25.
i Show that the median of Y is the square of the median of X
Cambridge International AS & A Level Further Mathematics 9231 Paper 23 Q11 November 2012

The lifetime, in years, of an electrical component is the random variable 7', with probability density function f
given by

_JAeM 20,
f{9) = {0 otherwise,

where A and A are positive constants.
i  Show that 4 =4
It is known that out of 100 randomly chosen components, 16 failed within the first year.

ii Find an estimate for the value of A, and hence find an estimate for the median value of 7'.

Cambridge International AS & A Level Further Mathematics 9231 Paper 22 08 November 2013
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PREREQUISITE KNOWLEDGE

What you should be able to do i Check your skills

AS & A Level Mathematics Standardise and find critical | 1 Let X ~ N(24,2%).
Probability & Statistics 1, Chapter 8 | values from a cumulative | Find P(X < 26.34).
normal distribution table. !

Where it comes from

AS & A Level Mathematics ‘
Probability & Statistics 2, Chapter 3

AS & A Level Mathematics Find an unbiased estimator | 5 Giveiithat Z s 96
Probability & Statistics 2, Chapter 6 | of the variance. !
Y x*=514and n =37, find the

unbiased estimator of the variance.

Hypothesis testing and making inferences

This chapter builds on work covered in AS & A Level Mathematics Probability & Statistics 2, to
develop techniques based on the mean of a distribution. We shall consider situations that
have small samples or populations for which the variance i1s unknown. We shall then carry
out hypothesis tests concerning the mean. Being able to test the mean is very important in
industry and medicine, for example, to test if the amount of effective drug in a headache
tablet is correct. If not enough of the active drug is present, the medicine may not have the
desired effect. We can also use this type of test to see whether the machine that is making
n the tablets is putting enough of the effective drug into the tablets.

9.1 t-distribution

When we collect a sample from a normal distribution to carry out a hypothesis test
concerning the mean, we need to make some assumptions in order to use the normal
distribution. We assume that the population variance is known, or that the sample size is
sufficiently large that we can use s?, the unbiased estimator of the variance, instead of the

population variance, o”.

If the sample size is small, and we do not know what the variance is, then it is no longer
appropriate to use the unbiased estimator. The z-distribution was developed so that the
unbiased estimator could be used. It is a better model in this situation.

The diagram shows that the ¢-distribution is different from the normal iﬁ%iﬁé‘";?é‘;iﬁl“fh}éﬁ‘;%g
distribution because the density in the tails is greater than the density in  than the standard --- 1, 2 degrees
: G . normal distribution. of freedom
the tails of the standard normal distribution. This means that the B
g w 2 [ a . g . m—l EEgrees
t-distribution has greater probability in the tails and less probability in o freedom
the centre compared to the standard normal distribution. The — standard

t-distribution is a family of distributions with (n — 1) degrees of freedom. nosdl

The number of degrees of freedom refers to the number of independent
observations in a set of data. The number of degrees of freedom of

the ¢-distribution relate to the sample size, n, and as the sample size v
increases, the ¢-distribution looks more like the normal distribution. ... y, e

Hence, the distribution of the ¢ statistic from samples of size 8 would 0
be described by a z-distribution having 8 — 1 or 7 degrees of freedom.
Similarly, a ¢-distribution having 15 degrees of freedom would be used
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with a sample of size 16. As the degrees of freedom tend to infinity, the distribution becomes
more like the normal distribution.

AN RN S R

Given # data points, the unbiased estimator of the variance, s, is calculated using: The unbiased estimator
1 of the variance is also
a.h z: o . :
D= &%) sometimes written as

n—1
. Generally, if isa

( Z )2 parameter, then  is an

X . .
s 1 5 1 T estimator. In this book,
Ta (ZX e )=,,_1(Zf‘"-"‘) | we will use 52,

This can be written as s* = __S_ui
"

or

Key point 9.1 gives a convenient way of calculating the unbiased estimator of the variance, s%.

WORKED EXAMPLE 9.1

The wingspans of six Monarch butterflies are measured (in cm) and recorded as:
8.8,9.6,9.2,9.1,9.9,8.7
Calculate the unbiased estimator for the variance of these data.

Answer
Method 1
z =558 First calculate the estimator of the mean, x, using x = %—Jﬁ
%= e =9.2166
6
— Use the most accurate values when working to avoid
—0.41667 0.173611 rounding errors.
0.383333 0.146944
—-0.01667 0.000278
—0.11667 0.013611
0.683333 0.466944
—-0.51667 0.266944

¥ (x - %) = 1068333

S02=1068333 _ 514 (03 significant figures) * + (RRANE —1—12 G w)

= S
Method 2: Using summative data This method helps with analysis of variance (ANOVA)
Z oo EE A which is studied at degree level.

.’CZ:- i
¥ 2 =51075
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_ (E,\')2
e 2
S = E T

2
= 510.75 - -556‘3

= 1.068333

So 5% =

1&3;% = 0.214 (to 3 significant figures)

We now have the tools to perform a hypothesis test concerning the population mean. This
is where a small sample is taken from an underlying normal distribution with unknown
variance. In other words, we assume the population is normally distributed.

There are several important steps when performing a hypothesis test for significance.

First, we define the null hypothesis Hy,. When dealing with a parametric test, Hy is the
assumed value of the parameter. It is this assumption that we are testing. Then we propose
an alternative hypothesis H;. There could be many different versions of this but, for the
purposes of this course, it depends on whether we are looking at a one-tailed or a two-
tailed test. Consequently, we refer only to Hy and state whether we reject or do not reject it.
Does rejecting Hy mean that H; is accepted?

For an underlying normal distribution with unknown variance, a small sample of size n is

taken. To carry out a hypothesis test on the mean, the ¢-distribution with (n — 1) degrees of

freedom is used to find the critical value. In fact, X~ ¢,_;. We state the null and alternative
192 hypotheses as shown in Key point 9.2.

For an underlying population that is normally distributed, with unknown variance, the null and
alternative hypotheses will be:

Hy: i = k. where k is the assumed value of the mean that we are testing

u<k
Hi: { u >k depending on whether we are performing a one-tailed or two-tailed test
HEK

S X—H - S : : :
The test statistic = ———, where X is the sample mean and 5= XX s the unbiased estimator
sivn n—

of the standard deviation.

The critical value for a significance level 100(1 — )% 1s:

One-tailed ey

Two-tailed ta oy




WORKED EXAMPLE 9.2
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Monarch butterflies are bred at a butterfly farm. Monarch butterflies should grow to have a mean wingspan

of 9.4 cm. The breeders are concerned that their butterflies are not growing as well as they could be, so

a sample of six Monarch butterflies is taken and their wingspans measured (in cm). These are recorded

as: 8.8,9.6,9.2,9.1,9.9,8.7. Assuming that the wingspans are normally distributed and using a 10% significance
level, investigate whether the wingspans of the butterflies are less than 9.4 cm.

Answer

Important facts:

= assume underlying normal distribution
* wvariance is unknown

« sample size is small.

We are testing whether the population mean is below 9.4.
This is a one-tailed test.
The significance level is 10%.

Hpu=94,H:u<94
Test statistics:

x = 9.22 (3 significant figures) as found in Worked example 9.1

s =0.462 (3 significant figures) as found in Worked
example 9.1

X—H
sivn
_ 53294
0.462/v/6
= 09715
The critical value for this test is fg9 5 = —1.476.

v=1 1.000 3.078 6.314

Test statistic =

2 0.816 1.886 2.920
3 0.765 1.638 2.353
4 0.741 1.533 2.132
5 0.727 2.015
6 0.718 1.440 1.943
¢ 0.711 1.415 1.895
8 0.706 1.397 1.860

Now we need to decide whether to reject Hy or not.

Since —0.9715 > —1.476 this means the test statistic
is not in the critical region, so we do not reject Hy,.

There is insufficient evidence to suggest that the mean
wingspan of the Monarch butterflies is less than 9.4 cm.

This suggests that we need a -test.

Make sure that you state whether you have a
one- or two-tailed test.

Define the null and alternative hypotheses. We
must use parameters in the hypothesis test. This is
the assumed value for 4 when calculating the test
statistic.

Note s*=0.214 was found earlier, so s = 0.462

X - ! o
s and make the critical value positive or

sivn
negative accordingly.

Use

We look at the ¢-distribution table. Since the test
1s one-tailed, at the 10% significance level we need
the 90th percentile with 5 degrees of freedom.

Our test statistic is negative, so we need to
consider the negative value for ¢ too.

Consider H, the assumption we made. Note we
do not state we accept H; but instead state we do
not reject Hy,

Write a conclusion in context.
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Worked example 9.3 demonstrates a two-tailed test.

WORKED EXAMPLE 9.3

A random sample of 12 workers from a mobile phone assembly line is selected from a large number of workers.
A manager asks each of these workers to assemble a phone at their normal working speed. The times taken, in
minutes, to complete these tasks are recorded below.

43.2.41.6,49.3,48.2,44.2,40.6,39.7,43.4,449,45.1,46.2,43 2
Assuming that this sample comes from an underlying normal population, investigate the claim that the population
mean is 45 minutes. Use a 5% significance level.

Answer

Important facts: This suggests that we need a t-test.

» underlying normal distribution assumed

» variance is unknown

« sample size is small.

Test whether the population mean is different Decide whether this is a one- or two-tailed test.
from 45.

This is a two-tailed test.

The significance level is 5%.

Ho: = 45 Define the null and alternative hypotheses.
Hy:p#45 Use parameters in the hypothesis test. This is
the assumed value for y when calculating the test
statistic.
194
Test statistic:
Y= 529.6
Zx? =23462.88
T
S, =Zx* - (&)
n
Sy = 23462.88 — 2?76; = 89.8666...
¥ o )
N L e s iy i e
11 ks £
Ix 5296

=44.133...

=

n

s = 2.86 (to 3 significant figures)
X =44.1 (to 3 significant figures)

DA X
Test statistic = -

= Always use ¥ and make the critical value
sivn sivn
44.1 — 45 i : .
= = positive or negative accordingly.
2.86/v12

=-1.05
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The critical value for this test is fpg7s, 11 = —2.201. Since this is a two-tailed test at the 5% significance
level, look at the 97.5th percentile with
W 11 degrees of freedom. in the r-distribution table.
2] 0.186 1.886 2.920 4.303 See if the test statistic 1s in the critical region. In
3 0.765 1.638 2.353 3.182 this case, this will be when the test statistic is less
4 0.741 1.533 2132 2.776 than the critical value, if negative, or greater than
5 0.727 1.476 2.015 7571 the critical value, if positive. Since the test statistic
6 0.718 1.440 1.943 2 447 is negative, we will need to compare it with the
7 0711 1415 1 895 2365 negative critical value.
8 0.706 1.397 1.860 2.306
9 0.703 1.383 1.833 2.262
10 0.700 1,372 1.812 2228
11 0.607 | 1363 [ 1.796
12 0.695 1.356 1.782 2,179
Since —1.05> —2.201, the test statistic is It is best to refer to Hy,.
not in the critical region and hence we do not reject Hp,.
There is insufficient evidence to claim We should always write full conclusions in
that the population mean is not 45 minutes. context. Note we should not state there is
sufficient evidence the population mean 1s 45
minutes, but instead state there is insufficient
evidence the population mean is not 45 minutes.

It is very important to know which test to perform when testing the mean. In AS & A
Level Mathematics Probability & Statistics 2, Chapter 5, you carried out a hypothesis test
concerning the mean. In that case, the underlying distribution was known to be normal,
or the sample size was large enough to use the central limit theorem. You were also given
the population variance. In this chapter, you have carried out hypothesis tests for small
samples or where the population variance was unknown. It is very important that you
choose the most appropriate test to carry out.

The flowchart shown in Key point 9.3 can help you to decide which is the most appropriate
test to use.

-\'I
DN’) FAST FORWARD
If the underlying

yes Is o no distribution is not
given?
normal, and the sample
v size is small, we can use
yes Is n large no non-parametric tests, as
ien>30? shown in Chapter 11.
y Y
Central Limits Theorem. Use s as an
Calculates 52 from sample estimate of o°
as an estimator for ¢
Y Y Y
Use normal
distribution and z e ek
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1 For the given data, find unbiased estimates for the mean and variance.
a 12,16, 17,19, 13, 14, 11, 16, 19, 21, 14, 15
b 143, 154, 156, 145, 144, 132, 135, 148, 171, 124

2 Ineach case, state the magnitude of the test statistic for the given value of n and stated significance level.

a n=11, one-tailed 5% b n=21, one-tailed 2.5%
¢ n=15, two-tailed 5% d n=25 two-tailed 1%
e n =28, one-tailed 10% f n=18, two-tailed 10%

3 State the null and alternative hypotheses for the following tests.
a The population mean differs from 41.
b The population mean is greater than 7.3.
¢ The population mean has decreased from 54.2.
d The population mean has not changed from 6.5.

4 For the given test statistic, sample sizes and significance levels, state whether you would reject or not reject the
null hypothesis.

a Test statistic = 1.96, n = 10, 5% one-tailed

b Test statistic = —2.764, n = 8, 1% one-tailed
=5 ¢ Test statistic = 1.451, n =15, 10% two-tailed

d Test statistic = -2.341, n = 11, 5% two-tailed

5 Ina given week, 12 babies are born in hospital. Assume that this sample came from an underlying normal
population. The length of each baby is routinely measured and is listed below (in cm):

49,50, 45,51,47,49, 48, 54, 53, 55,45, 50
a Find unbiased estimators for the mean and variance.
The average length of babies is thought to be 50.5cm. There is a concern that this is an overestimate.
b Test this claim at the 5% significance level based on this sample.
6 A drugs manufacturer claims that the amount of paracetamol in tablets is 60 mg. A sample of ten tablets is
taken and the amount of paracetamol in each is recorded:
59.1,59.7,61.0,59.1, 60.6, 68.9, 60.2, 58.6, 58.7, 58.9
Assuming that this sample came from an underlying normal population, test the claim at the 5% significance
level that the amount of paracetamol is different from 60mg.
7 The weight, Xg, of a large bag of crisps is said to be normally distributed with a mean of 175g. A sample of
eight bags is opened and the contents weighed. The results are listed below.
173.2,171.5,176.3,175.1, 174.7,174.2, 176, 174.5
A consumer group believes that the bags are underfilled.
a Test this claim at the 5% significance level.

b Suggest why only a small sample of packets was tested.
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8 Ata petrol station, the manager thinks that one of the pumps is not working properly and is giving out more
petrol than it should. She decides to test this claim by filling up ten buckets with 5 litres, according to the
pump. The results, in cm?, are given below (1 litre = 1000 cm?).

It is assumed that the amounts given are from a normal distribution.

5001, 5002, 5009, 4996, 4997, 5001, 5003, 5006, 5013, 5013

Using this sample, test at the 5% significance level whether or not the petrol pump is giving out too much petrol.

9.2 Hypothesis tests concerning the difference in means

We may test whether two populations have equal population means. In Section 9.1 we
learned that the type of test we need to perform depends on a number of factors. These
factors include: whether or not we know the population variances; whether the underlying
distribution is normal, or the means approximate to a normal distribution by the
application of the central limit theorem; and the size of the sample.

To start with, we will assume three things:

e the underlying distributions are normal | The second assumption
can be tested using

an F-test, but this is
beyond the scope of

e the populations are independent
® the population variance of the two populations is the same (but may be unknown).

From AS & A Level Mathematics Probability & Statistics 2, Chapter 4: this course.

o 2
If X ~N(u, 6%), then X~ N(,u, %) :

If X~ N(p,, 03) is independent of ¥~ N(u,, 02), then X — ¥~N(y, — p,, o2 + 62,) and

2 2
T Fo g By,
We standardise to find a z-value, as shown in Key point 9.4. This acts as the test statistic
for the difference in means.

e KEY POINT 9.4
(17__?)_01‘_'“")

z-value is given by Z = ~N (0, 1).

WORKED EXAMPLE 9.4

A group of 50 children and 70 adults participate in a maths activity. The mean
time taken for the children to complete the activity is 45.3 seconds, with a standard
deviation of 3.2 seconds. For the adults, the mean time is 46.1 seconds with a
standard deviation of 2.8 seconds. Assuming the completion times are normally
distributed with equal variances, test at the 5% significance level whether or not the
children are faster at completing the activity.
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Answer

First consider the conditions and
assumptions:

» nislarge for both populations

* both have an underlying mean

+ the variances are equal but unknown.

Estimate o® with s2and 2.

Let C~N(45.3, 3.2%) represent the population
of children.

Let A ~ N(46.1, 2.8%) represent the population

of adults.

If the children are faster than the adults, Rewrite this as uy — e > 0.

then p > pic.

Ho: g — pc=0 You could have this the other way
Hy:pg—pc>0 round, but a positive value for H,

will reduce errors in interpretation.

L. A-C)—(pa—uc : s B E
P 7 (44— e Estimate o” with s2 and s under the
3 2 assumption of Hy:pq—pe=0.
ng  Rce
(46.1 —453)-0
=—————=14213...
198 3 82 3 22 @
= — FAST FORWARD
ot 50 ) Fast FoRwaRD__|
In Worked example 9.4,
This is a one-tailed test at the 5% significance ~ Always discuss Hy, the assumption we are given data that is
level so the critical value is 1.96. you made. normally distributed. We
Since 1.4213 < 1.96, the test statistic is not in are given large samples
the critical region and we should not reject Hy,. and can therefore use s
o g ’ ; " in place of ¢°. In other
There is mguihment evidence to suggest. . Always write full contextualised el S
t‘hat the children perform the maths activity conclusions. Jifrerent tachnitnes, 48
faster than the adults. )

Sometimes we need to carry out two-sample tests, such as comparing the mean of two
distributions of unknown but equal variances. If the sample sizes are too small to allow us
to use 52 and sﬁ as estimators, we need to pool these variances (combine them).

Consider two samples of size n, and n,. From underlying normal distributions the pooled
estimate of the population variance is:

Y =%+ ), -

My =l

Sp=

However, if you are given the unbiased estimators of the variance for each sample,

DN 207
=" — and F=———

n,—1 7

El

n,—1

then Z (x-%)P*+ 2 (v =% = (n, — D2+ (n, — s
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Then the pooled estimate of the population variance, as shown in Key point 9.5, is
(n, — 1s2 + (n,— Ds;

net+n,—2

2 —
Sy =

But how small should »n be? Generally, we would need n < 15.

Q

For two samples of size n, and n, the pooled estimate of the population variance is:

D =%+ Y (-7

Ry tnyi=2

,,_
$=

Z‘,(x—J_f)2

If you know the unbiased estimators of the variance for each sample, s7 = Tem T and
o=

= — then Z (x =)+ Z =P =(n,— st +(n,— 1)s2
(n, = 1)si+(n, — 1)s?

ikt — 2

So the pooled estimate of the population variance is sf, =

Let’s consider how Key point 9.5 affects the test statistic:

(X =)= (ux— 1)
%, %
Ae ' Ty

If we make the assumption that the variances are equal and that the pooled estimator can
be used, oy = 0%, = 53, we have:

2 2
o % _pof Ll 1
Hy g T SP(nx * s
Since n is small, we know that this will be modelled as a ¢-distribution, as shown in Key
point 9.6.

@ KEY POINT 9.6

t-distribution:

= )
Tz( )= (e — 115)

2 L.{.i
% Tha

~
7,402
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WORKED EXAMPLE 9.5

A shopkeeper believes that playing music in his shop encourages customers to spend more money. To test this
belief, he records how much money is collected for a ten-day period while music is playing and then for an
eight-day period without music. The sales, in thousands of dollars, are summarised as follows.

> x=960.1 Y 2=92274.44

D y=1482 D $2=70041.16

Assuming these data are randomly sampled from normal distributions with the same variance, test the
shopkeeper’s claim, using a 5% significance level.

Answer
First consider the assumptions and conditions: Since 7 is small and the variances are unknown, we
* nis small for both populations must use a /-test and hence the pooled estimator.

» both have an underlying mean
« the variances are equal but unknown.

Let X represent the sales with music and Define the variables to be used.
Y represent the sales without music.
If the sales with music are greater than without, Rewrite this as g, — g, > 0.
then p, > u,.
Ho: pte =y =0
200
H]: Hx = Hy >0
The test statistic is: If the sample variances are given, then
X -7) - = m) L (o= D+ (n, = s
5, = 1s used.
1 1 i ST =
Sp (— -+ )
Hy Ry
Zx)? 60.12
S (n—) =92274.44 — 210— =095.230 Calculate s‘?,.
(Zy)? 748 22 We can use the form:
S, =Zy?— @ _ 004116 - 7482 _ 65755
o ”_1- & _5‘2 Sxx sl S}‘V
S+ Sy 95239 4 65.755 s =

= s = 10.062125 Pl 2

Wy + W — 2 10+8 -2
= x 9601 = =
o= g = =96.01 Calculate x and p.

ny 10

Zy 48.2
e T

H} 8

Test statistic:

(96.01 —93.525) - 0

10.062125 (L + l)
10 8

= 1.65154
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The critical value is 95, 16 = 1.746. We have 10+ 8 — 2 =16 degrees of freedom here.
10 0.700 1.372 L1812
11 0.697 1.363 1.796
12 0.695 1.356 1.782
13 0.694 1.350 Ll
14 0.692 1.345 1.761
15 0.691 1.341 1753
16 0.690 1337
17 0.689 1.333 1.740
Since 1.65154 < 1746, the test statistic is not in the Always refer to Hﬂ: the assumption you made.
critical region so we do not reject Hy,.
There is insufficient evidence to suggest that playing Write a full contextualised conclusion.
music increases the sales in the shop.

1 Given the sample variance and sample size of each set of data, find the pooled estimate of variance.
a 52=132 n,=15
g=lg m=13
b s2=161.2 n,=21
55=158.7 n,=24
¢ 52=321 n,=60
5;=48.6  n,=40
2 For the following pairs of data sets, find an estimate for the pooled variance.

a 27 19 15 19 21
18 17 16 20 28

32 31 27 26
29 30 28 14

b 23 25 26 19 22 21
28 25 26 19 23
14 19 21 20 17
16 18 15 21

3 For each question, state the magnitude of the test statistic for the given values of n, and n,, and stated
significance level.

a n,=8,n,=06, one-tailed 5% b n,=14,n,=10, one-tailed 2.5%
¢ n,=38,n,=7, two-tailed 5% d n.=20,n,=12, two-tailed 1%

e n,=11,n,= 14, one-tailed 10% f n,=17,n,=12, two-tailed 10%
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4 Tor each of the following, state the null and alternate hypotheses.
a The difference in population means is not 0.
b The population mean for X is greater than the population mean for Y.
¢ The population mean for X is five units greater than the population mean for Y.

d The difference in the population means is not six units.

0 5 Two examiners are marking an examination paper, and it is believed that examiner A is more strict than
examiner B. The results from several papers are added together for each examiner, and presented in the
following table.

16 689
12 636

Test the claim at the 5% significance level, assuming that the marks are normally distributed with a standard
deviation of 15.

@ 6 Takahé birds are native to New Zealand and are very rare. The male birds and female birds look very similar.
The only way of differentiating males from females is to measure their weights. It is known that the female bird
is slightly smaller than the male, and so weighing them could be a way of identifying the gender of an adult
Takahe bird.

The weights of ten male and eight female Takahg birds are measured, and the summative statistics are
presented in the following table.

202

a Find sf,, the pooled estimator of the population variance.

b Test, at the 5% significance level, whether male Takahg birds are heavier than female Takahg birds
assuming the weights are normally distributed.

0 7 A company that makes computers must transport them from its warehouse to the delivery centre, with one
lorry delivery per day. In three weeks’ time, the usual route will have roadworks stopping the traffic for six weeks.
The local council says that the alternative route will add not more than ten minutes to the route. The manager
of the company does not think that this is true and so, for the next 14 days, he asks eight of the company’s lorry
drivers to travel the new route, and six to travel the old route.

34 45 36 47 42 43
47 51 47 50 53 51 50 45

a Find sg, the pooled estimate of the population variance.

b Test, at the 5% significance level, whether the manager is justified in his complaint assuming the times are
normally distributed.

m 8 Samples are taken from two different types of honey and the viscosity (i.e. how ‘runny’ the honey is) is measured.

A 114.44 0.62 4
B 114.93 0.94

Assuming normal distributions, test at the 5% significance level whether there is a difference in the viscosity
of the two types of honey.
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9.3 Paired t-tests o
In Section 9.2, we looked at whether or not two samples with the same variances have the |
same mean. We looked at the difference in means, sometimes referred to as an ‘unpaired
test’, since there 1s no mechanism to ‘pair’ the data values.

In Social Sciences,
the unpaired test is
also known as an
independent samples
design.

If we need to measure the effect of a variable on a set of data, then we measure twice:
before the change in variable, and after. This repeated measures design allows us to

pair the points in the two datasets. In this situation, a paired ¢-test would be the most
appropriate test to perform. Instead of measuring the difference in the means, we measure
the mean of the differences, as shown in Key point 9.7.

KEY POINT 9.7

For a paired #-test, with n pairs of data, and Hy: uy; =k (typicallv g, = 0)
the test statistic = d=k
Sq
Vi
o
where d, = x; -y, and d and s, are the sample mean and standard deviation of D ~ N(,ud, Fd) ;

We test using a t-distribution with (» — 1) degrees of freedom.

The only assumption for this test is that the difference is approximately normally
distributed. As a consequence, if your dataset has outliers, this test is not appropriate.
Worked example 9.6 works through a paired ¢-test.

WORKED EXAMPLE 9.6

A diagnostic test is taken by ten students before a revision session, and then again after completing the revision
session. Their scores are presented in the following table.

A B C D E F G H 1 J
45 54 49 51 53 64 71 55 78 43
49 56 56 54 61 70 72 60 82 51

Using a paired r-test, and assuming the differences in scores are normally distributed, test at the 5% significance
level whether the revision was effective.

Answer

First, calculate all of the differences so we can
calculate s; and d.

b
oY
n
B

4
B 54 56 2
G 49 56 7
D 51 54 3
E 53 6l 8
F 64 70 6
G 71 72 1
H 55 60 5]
I 78 82 4
J 43 51 8
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2id =48
Td>=284
— 2
s . R
n 10
zd)?
S“'d = ZCF g ( )
n
4 2
S =284 — —8 —59:0
10
s il 5%—6 = 5.96 (to 3 significant figures)
n—1 9
d=4.8

5% = 5.96 (to 3 significant figures)

2
. 2 ‘S‘
Carrying out the test, let D = N(/.ad, #)

.H(]I Hg = 0

H] VU > 0

Test statistic = i = igf =6.22
S
= 5.96
vn 10

The critical value is £ 95 ¢ = 1.833.

Since the test statistic is greater than the critical
value, the test statistic is in the critical region. So

we reject Hy as there is sufficient evidence to suggest
that the difference in scores has increased and so the
revision has been effective.

Find the summative values.

Now find the unbiased estimates.

We can now perform our hypothesis test. We require an
approximately normal distribution.

1f the revision has been effective, then we would
anticipate the difference to increase, and so the test is
one-tailed test.

The critical value at the 5% significance level must be
found.

A well-formed conclusion is required. We reject the
null hypothesis and state there is sufficient evidence to
suggest the revision has been effective.

In Worked example 9.6 we are measuring whether there is a difference in the mean. Worked
example 9.7 considers whether the difference in the mean is greater than, or less than, a certain

value.

WORKED EXAMPLE 9.7

This uses the same scenario as in Worked example 9.6.

A B & D E F

G H 1 J

45 54 49 51 53 64

71 55 78 43

49 56 56 54 61 70

72 60 82 51

Using a paired t-test, and assuming the differences in scores are normally distributed, test at the 5% significance
level whether students have increased their scores by four marks or more.
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Answer

d=4.3 Use the same estimators as before.
s3=5.96 (to 3 significant figures)

ki
Let D = N(m, i—f) :

Hy: py=4
Hl.' Ha > 4
Test statistic = d ?_ 4__ 08 =1.04 Carry out the test.
Sd
— 5.96
Vi 10
The critical value is #;95 ¢ = 1.833. We need the critical value at the 5% significance level.
Since the test statistic is less than the critical value, A well-formed conclusion is required.

the test statistic is not in the critical region. We do
not reject Hy. There is insufficient evidence to suggest
that the difference in scores has increased by four

Oor more,

1 For each of the following pairs of data, find the sample mean of the difference, d, and the unbiased estimator
of the variance of the distance, s3.

a 124 139 128 119 119 112 113 128 113
127 117 121 126 119 125 118 118 127
b 343 | 308 | 32.8 | 27.5 | 263 | 27.8 | 35.1 | 31.1
273 | 285 | 30.5 29 28 33 31.6 28
28.5 | 31.5 | 30.7 | 295
32.8 | 28.1 | 30.9 30
c 75 84 80 66 78 97 68 86
81 81 86 90 87 76 38 89
86 73 97 70 72
84 92 85 90 91

2 For the given null hypotheses, find the test statistic of the following summative data.

a HU:,ud=0
ug=0.344, s53=121,n=11

b H()Z Ha= 0
pg=—0.688, s2=11.62,n =10

C Hgl Ha = -5
py=—-582,2=1823,n=12
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3 For the data in question 2a—c, state the magnitude of critical value, given the following alternate hypothesis
and significance level.

a Hi: p,#0, significance level 5%
b H;: u,;> 0, significance level 5%
¢ H;:puy< =5, significance level 2.5%

m 4 A biologist investigates the effect of a new food on Takahe male birds. Eight birds are weighed (in kg). They
are then fed the new food for 14 days and weighed again.

Let us assume that the weight gains are normally distributed.

Test, at the 2.5% significance level, to investigate whether there has been a significant increase in the weight of
the Takahe male birds.

2.67 293 3.12 321 2.64 273 2.86 2.91
2.71 3.01 3.19 3.24 2.6 2.78 2.84 2.97

o 5 A diet programme aims at trying to help people lose at least 2kg in weight within five weeks of starting the
programme. A sample of eight participants are asked to volunteer to take part in the experiment and their
weight at the beginning of the programme and after five weeks is measured and recorded. The following
estimators were calculated: d = 2.225; s3 = 0.931589. Test, at the 5% significance level, the claim that
participants will lose at least 2kg of weight within the first five weeks of the programme, assuming the weight
losses are normally distributed.

E 0 6 Police trainees are given a test to assess how good their memory is. After seeing ten car plates for 15 seconds
each, they must write down as many as they can remember. The trainees then attend a memory improvement
course. After this week-long course, they are retested. The results of the tests for eight police trainees are
presented in the following table.

Test, at the 5% significance level, whether the course has made a difference to the trainees’ scores, assuming
the differences in scores are normally distributed.

0 7 A company sends its employees to a psychologist to try to improve their sales productivity. The following table
shows the sales figures, in thousands of dollars, of six employees before and after seeing the psychologist.

Test, at the 5% significance level, whether the visits to the psychologist have improved sales productivity,
assuming the increases in sales are normally distributed.
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9.4 Confidence intervals for the mean of a small sample

Confidence intervals are another useful tool in statistical inference.

In a hypothesis test, we are interested in finding the critical region for
the test. A confidence interval can be thought of as the acceptance region instead.

Confidence intervals are commonly misinterpreted so it is important to know the following
concepts:

e A confidence interval is created from a sample taken.

e If another sample is taken, then a different confidence interval will be found.

e The population mean, although unknown, is fixed and so we assess whether the
confidence interval contains the population mean.

If X is the mean of a random sample of size # from a normal distribution with population
mean g, and unbiased estimator of the variance 5%, a 100(a — 1)% confidence interval for
4 1s as shown in Key point 9.8.

A 100(x — 1)% confidence interval for y is given by:

X = fo, n—1

Consider that X~N(u, ¢°) and that X, the sample mean and s? the unbiased estimator of the
variance are calculated with a small sample size.

Let us consider performing a hypothesis test at the 90% significance level. The critical
values for this test would be #7595 ,,_ .

We could now unstandardise the critical values to calculate the limits for g which would
lead us to not reject the null hypothesis.

X—p
Ely9s5,n-1=
Vi
'_"fo.gs,n-li =X—pu
v
s

H=XE 1095 p1——

vn
And so

_ s o s
X =1p95n-1—=SH S X+ lyos po1—=

v Vn

is the acceptance region for this hypothesis test. We can also call this the 90% confidence
interval for g.

It is written as:

_ S s
(X — 1995, n-1"7= X+ fa.9s,n1—)

v Vn
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More generally,

Let us consider performing a hypothesis test at the 100(a — 1)% significance level. The
critical values for this test would be +zz ;.

We could now unstandardise the critical values to calculate the limits for 4 which would
lead us to not reject the null hypothesis.

X —H
-+ —
Hart =T
Vi
5 =i
ey 1—==X—H
Vi
S
p=xtlay ——
n
And so
xX—1 L SpuLxtt S
—ly T M= 2 n-1"~
W 7 n

is the acceptance region for this hypothesis test. We can also call this the 100(a — 1)%
confidence interval for .

It is written as:

(? t & e S)
AT e 1T = 2 h—1" =
" Vn " Wa
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, WORKED EXAMPLE 9.8

A random sample of people queueing for a train ticket are asked how long they have been waiting in the queue
before buying their ticket. Their replies, in minutes, are 12, 17,21, 9, 14, 19.

a Assuming a normal distribution, calculate a 90% confidence interval for the mean stated waiting time.
b Comment on the train company’s claim that the mean waiting time is ten minutes.
Answer

a Since we have a small sample, and the population
variance is unknown, we must consider a 7-distribution.

Fx=92
Tx?=1512 Calculate the unbiased estimators of
the mean and variance.
=t B jeasy
n 6
Tox) 2
B B ) =1512 - %: 101.333...

L
2 Su _101.33... g

_nfl:
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We are creating a 90% confidence interval, so:
100(a — 1)% = 90%
Therefore, % =0.95

The confidence interval required is:

- Sy - ‘ :
X £ lygs, s —; The interval can be stated each time — it
¥y does not need to be derived.
From tables, #,95 5 = 2.015. Use the correct p-value when readin
- g

_ 3 from the r-tables.
And so the confidence interval is:

v20.267

Vo
And the 90% confidence interval is (11.627, 19.033). Write the confidence interval like this.

1533 +2.015

b The confidence interval (CI) does not contain the claimed value of
ten minutes. In fact, the confidence interval is wholly above the
claimed value.

This means that the train company is underestimating the waiting
time in the queue.

1 For the following confidence intervals, find the value from the r-distribution that must be used.
a 90% confidence interval, n = 6 b 90% confidence interval, n =8

¢ 95% confidence interval, n = 12 d 80% confidence interval, n =7

2 For the given sample sizes and values of s2, find the value of the standard error (i/_)
vn

a

n=2§
¢ n=9

Tn

2=y b n=6 s2=12

o d n=5 8)2{:4.2

S

3 Given that the data comes from an underlying normal distribution, and that ¥ = 13.2, s> = 18, find the
confidence interval for the sample size stated.

a 90% confidence interval, n = § b 90% confidence interval, n =6
¢ 90% confidence interval, n =9 d 95% confidence interval, n =7
e 99% confidence interval, n =9 f 80% confidence interval, n = 10

4 For the following dataset, find a 95% confidence interval.
12, 15, 16, 18, 17, 15
Write each end of the interval to 2 decimal places.
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ﬂ 5 A car rental company claims that, on average, its class C-type car will use 7.1 litres of fuel per 100km when
travelling at 60km/h. Seven class C cars are tested on a test track and their fuel use over 100km is measured.

[ 7236 [ 713 [ 7098 [ 7098 | 7143 | 7151 | 7432 |

a Assuming a normal distribution, find a 95% confidence interval for the mean amount of fuel used.

b Comment on the claim by the car rental company that its class C cars use 7.1 litres of fuel per 100km.
@ 6 While on holiday, Yushan likes to stay in youth hostels. The company that owns the hostels claims that the average
price of a night’s stay is $43. Yushan spends one night each in six different hostels. The prices that she pays are:
$46, $46, $48, $42, $40, 338

Calculate a 90% confidence interval for these data, assuming a normal distribution for the prices paid.

7 The contents of jars of beans may be assumed to be normally distributed. The contents, in grams, of a
random sample of nine jars are as follows.

460, 449, 458, 455,461,456, 459, 457, 453

a Calculate a 95% confidence interval for these data.
b The jar has ‘Contains 454 g’ written on the label. Comment on this claim based on your calculated

confidence interval.

8 The waiting time for a particular train that runs daily is measured over 36 days. The average waiting time is
found to be 37.2 minutes, with a standard deviation of 3.2 minutes. Find a 99% confidence interval for the
waiting times for the train, assuming the waiting times are normally distributed.

9.5 Confidence intervals for the difference in means

In Section 9.2, we considered setting up a hypothesis test for the difference in means with
the following assumptions:

the underlying distributions are normal
the populations are independent
the population variance of the two populations is the same (but may be unknown)

nis large.

For this, we modelled the difference on the means as a normal distribution as:

% 2

e e s g P i S
X Y N(ru,\ .uys n:\_ + n’y)
Upon standardising, this creates a z-value of?

_ (j(_ ?) - (JuJ\' - .Uy)

2 2
Ox O-.V

H

~N(0, 1)

z

X ny

The confidence interval can be derived from this test statistic. Consider using the value
of z for a known percentage value. In Section 9.4, we used the 7-statistic, but this time

we will use the z-statistic. Depending on the assumptions and types of distribution, it

is possible to create confidence intervals for many mean calculations. For example, an
estimated confidence interval for the mean of a Poisson distribution can be calculated by
approximating it to a normal distribution. Let x be the mean of a random sample of size
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n, from a normal distribution with population mean u, and unbiased estimator of the
variance s2, and let y be the mean of a random sample of size n, from a normal distribution
with population mean y, and unbiased estimator of the variance SJZ,, with the conditions:

® X and Y are independent populations

e the population variance of the two populations is the same (but may be unknown)

e nislarge.

Thena 100(a — 1)% confidence interval for the difference in means can be calculated as
shown in Key point 9.9.

We also need to consider small samples, for which 7 < 30. Here, we pool the variances to
get the best estimate, and then model the difference as a r-distribution.

When we pool the variances like this, the hypothesis yields the following test statistic
where sg 1s the pooled estimate of the population variance.

_(X_ Y)ﬁ(ﬂx_.uy)

r%, ne+ny—2 =
w1 i
S — —
2 (nx B ny)

A 100(a — 1)% confidence interval for the difference in means for small samples can be
calculated as shown in Key point 9.10.

@ KEY POINT 9.10

The 100(a — 1)% confidence mterval for the difference in means for small samples is:

g e
(*‘.’)it%n\ﬂa.—zxsp z"';’,’:‘

Z (x=%)P+ Z (y -7

et Pt

5
where s, =

-

(n.\ i 1)‘5‘% = (nj' = 1)5‘1_

if we know the unbiased estimators s2 and s>.
ety — 2 '

We can calculate 53 using

It is very important to use the correct test based on the sample size.
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WORKED EXAMPLE 9.9

A group of 60 men and 70 women participate in a maths activity. The mean time taken for the men to complete the
activity is 45.3 seconds, with a standard deviation of 3.2 seconds. For the women, the mean time is 46.1 seconds
with a standard deviation of 2.8 seconds. Assuming the completion times are normally distributed with equal
variances, find a 90% confidence interval for the difference in the means.

Answer
2 5 Since n, and 1, are large in this case, we can use a normal
- — Sy » . - . y
Xe= PR T distribution.
2 X ¥

Let X represent the completion times for women and
Y the completion times for men.

¥=46.1,5,=28, n,=170

y=453,5,=32,n,=60

182 322 Since we are looking for a 90% confidence interval, we
46.1 — 453 £ 1.6449/ ——+ —— consider zjos = 1.6449,

70 60
=0.8 + 0.874534...
(—0.0745, 1.6745)

Given one confidence interval, it is possible to calculate a different confidence interval for
the same sample.

WORKED EXAMPLE 9.10

Given that a 90% confidence interval is (—0.0745, 1.6745), calculate a 99% confidence interval.

Answer

We currently know the following. From the tables: zj g5 = 1.6449.

¥ — 1.6449 x = = —0.0745
n
and %+ 1.6449 x = 1.6745

n

2% =16

x=08 Solve simultaneously for ¥ and S

n
3.28985 _ ;| 74
n
Therefore:
- 9

%7}; W I 3“"2587968 = 1.370 Fora 0000 €I e Consider ze s =2 576,

And the 99% confidence interval becomes:
(0.8 — 1.370,0.8 + 1.370)

(~0.570,2.170)

In Worked example 9.1, we shall find the pooled estimate of the population variance and
construct the confidence interval, as shown in Key point 9.11.
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A 100(ar — 1) confidence interval for the difference in means is:

= f1 1
(_.Y =32 J—’) s t%.f’!,i-?!.,—-l X Sp a =k E;

WORKED EXAMPLE 9.11

A shopkeeper believes that playing music in his shop encourages customers to spend more money in his shop.
To test this, he records how much money was collected for a ten-day period while music was playing and then an
eight-day period when it wasn’t. The sales, in thousands of dollars, are summarised as follows.

D x=960.1 D x?=92274.44

Y y=7482 12 =70041.16

Assuming these data are randomly sampled from normal distributions with the same variance, find the 90%
confidence interval for the difference in means.

Answer
X = (96.01 We saw this in Worked example 9.5, and so we can state
y=93.525 the statistics calculated.

.s'f, = 10.062125
The confidence interval can be calculated by:

I

xX—y)+ A —F—
(,‘C y) = t%, Rt H—2 X S\p n, + ”}'

= (96.01 — 93.525) + 1.746 x V10.062125 % - é We are using 7q95 16 = 1.746.

=2.485 + 1.746 x 1.5047
So the 90% confidence interval is:
(=0.142,5.112)

WORKED EXAMPLE 9.12

A chemist has developed a fuel additive and claims that it reduces the fuel consumption of cars. Eight randomly
selected cars were each filled with 20 litres of fuel and driven around a race circuit. Each car was tested twice, once
with the additive and once without it. The distances in miles that each car travelled before running out of fuel are
given in the table below.

Assuming a normal distribution, find a 90% confidence interval for the difference in the distances travelled.




Cambridge International AS & A Level Further Mathematics: Further Probability & Statistics

Answer

Since this is a matched pairs design, we are repeating the
experiment on each car then we consider the difference
between each pair of data points.

First, find the differences.

168 163 5
185 172 13
187 195 8
172 170 2
180 183 =4
189 185 4
T 161 1
175 176 =3
> d=23, ) d*=409 Calculate 4 and s3.
B o RIS
8 9
232 2743

Sy=409 — == =342.875
8 8

214 &
[342.875 5 i
o= £ 787 = 6.999 We use: 53 = %

Htygi g K i Calculate the confidence interval.
V8
2,875 + 1.895 x 6.999 to95.7 = 1.895 from tables.
V8

2.875—4.68855=-1.814
2.875 4 4.68855 =7.564
(—1.814, 7.564)

1 For the following confidence intervals, find the value that must be used from the z-distribution.
a 90% confidence interval, n, = 40, n, = 60 b 95% confidence interval, n, = 30, n, =40

¢ 99% confidence interval, n, = 40, n, = 35 d 80% confidence interval, n, = 80,1, = 100

2 For the following confidence intervals, find the value that must be used from the z-distribution.
a 90% confidence interval, n, = 8,n,=6 b 95% confidence interval, n, = 14,1, =9

¢ 99% confidence interval, n, = 15,1, =15 d 80% confidence interval, n, = 8,n, =12
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) 2
s 8 .
3 By first calculating either 1 / n—x + n—v or 8, ni + L, as appropriate, find the stated confidence interval for
x 'y X

n
v
Hx — py. YOu may assume that the data has come from an underlying normal distribution.

a s2=132 ne =40 x=38.31

st=14.6 n, =50 y=192

90% confidence interval

36.08
36.75

b | 2=1135 | n,=12 x
£=11.643 | n,=8 y

90% confidence interval

C 52=433.9 n.=8 ¥=127.95
2

2=292.9 n,=7 y=12442

95% confidence interval

4 A 95% confidence interval using z values is (9.642, 14.558).
a Calculate a 90% confidence interval.
b Calculate a 99% confidence interval.

m 5 Two newly discovered trees, X and Y, are thought to belong to the same species. Leaf measurements are made
on each tree and the estimators tabulated.

X 10 14.3 0.50

Y 12 15.1 152

a Calculate a pooled estimate for the population variance.
b Find the 90% confidence interval for the difference in the means of the leaf lengths.

0 6 A psychologist wishes to investigate the effect of sleep deprivation on reaction times. Eight students volunteer
to take a test, which measures their reaction time, and then re-take the test after being awake for 36 hours.

Their reaction times, in milliseconds, are recorded.

193 111 10.3 12.4 13.6 132 14.6 15.2
20.5 135 14.2 12.9 153 152 16.2 15.9

a Calculate the 99% confidence interval for the difference in reaction times.

b Interpret your confidence interval regarding the effect of sleep deprivation on reaction times.

0 7 Inalarge school, a sample of 50 boys and 60 girls complete a 100m race. The estimators of the data are given.

Find the 95% confidence interval for the difference in times between the boys and girls to complete the 100m
race.
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@ 8 An economist believes that a typical basket of weekly food, bought by a family of four, costs more in Eastville
than in Weston. Seven stores are randomly selected in each of these two towns and the cost of the basket
recorded (in $).

13.21 13.97 13.76 13.11 13.25 13.98 13.03
12.93 13.13 12.98 13.01 12.99 13.21 13.01

Calculate the 95% confidence interval for the difference in means, assuming the costs are normally distributed.

()] WORKED PAST PAPER QUESTION

A company decides that its employees should follow an exercise programme for 30 minutes each day, with the aim
that they lose weight and increase productivity. The weights, in kg, of a random sample of 8 employees at the start
of the programme and after following the programme for 6 weeks are shown in the table.

A B € D E F G H
98.6 87.3 90.4 85.2 100.5 924 89.9 91.3
93.5 85.2 88.2 84.6 95.4 89.3 86.0 87.6

a Assuming that loss in weight is normally distributed, find a 95% confidence interval for the mean loss in
weight of the company’s employees.

b Test at the 5% significance level whether, after the exercise programme, there is a reduction of more than

n 2.5kg in the population mean weight.
Cambridge International AS & A Level Further Mathematics 9231 Paper 23 Q8 June 2011
Answer
a | Difference | 5.1 2.1{ 2.2| 0.6| 5.1] 3.1 3.9 3.7 First, calculate the differences in weight.
> d=258, Y, d*=100.14
d= 28 e
8
o) 2
. ]—(100_14 - T
8 —1 8

95% confidence interval

- 5
& * tyops, g K —

vn
= 3925 + 2.365 X 1-5:5 Use the unbiased estimators.
V8

[1.92,4.53] Since the sample size is small, we must consider

the r-distribution.
b Hiyi iy — iy =205, Hyt iy —fig 25 State the hypotheses. When setting the parameters,

- label them sensibly. for example, y;, for before and

d =3.225
1, for after.

s =1.555* Calculate d and s2.
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i N (o = #a) _3.225-25 Calculate the test statistic.

=132
i_ 1.555
v 4/ g
f0.95,7=1.89 We are assuming an underlying normal distribution.

We have a small sample size with unknown variance.
We need to use the #-distribution for our critical value.

Since 1.32 < 1.89, we do not reject Hy. There is
insufficient evidence that the difference in the
means is greater than 2.5.

Checklist of learning and understanding

Hypothesis test for the mean, with a small sample:
. Xy
® The test statistic is ——~1,_;.

v

® scan be used in place of ¢ when the population variance is unknown.
Pooled estimate of a population variance from two samples:
® The pooled estimate of the population variance, Sg can be found from

2 =%+ X (-7

Py =D
Difference in means: two-sample z-test:

5
5;_

® Assume:
e underlying distributions are normal
e populations are independent
» population variance of the two populations is the same (but may be unknown).

(E_?) =3 (Ju.\._".l“y)

® The test statisticis T'= o

1!
25 +3)

Difference in means: paired sample #-test:

® Assume:
o differences are normally distributed
e population variance of the two populations is the same (but may be unknown)
o data are matched pairs (repeated measures design).

-k

AT
® The test statistic 1s

Vi

Difference in means: normal distribution:

® Assume:
o underlying distributions are normal
e large sample sizes
e populations are independent
e population variance of the two populations is the same (but may be unknown).
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X- D=~
® The test statisticis Z = (—(H—'u—)

Vv

Confidence interval for a mean from a small sample:

@ If xis the mean of a random sample of size n from a normal distribution with population

mean g, a 100(@ — 1)% confidence interval for p is given by X + ry ,,_li[‘.
2 wn

Confidence interval for the difference in population means:
® A 100 (a — 1)% confidence interval for the difference in means for small samples is given as:

1

(X=V)ttapmin aXSH—+—
E.ﬂ'. n, P My n},

® A 100{z— 1)% confidence interval for the difference in means (for large ) is given as:
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END-OF-CHAPTER REVIEW EXERCISE 9

® :

a A gardener P claims that a new type of fruit tree produces a higher annual mass of fruit than the type that
he has previously grown. The old type of tree produced 5.2kg of fruit per tree, on average. A random sample
of 10 trees of the new type is chosen. The masses, xkg, of fruit produced are summarised as follows.

Test, at the 5% significance level, whether gardener P’s claim is justified, assuming a normal distribution.

b Another gardener Q has his own type of fruit tree. The masses, y kg, of fruit produced by a random sample
of 10 trees grown by gardener Q are summarised as follows.

> y=1700
D7 =500.6

Test, at the 5% significance level, whether the mean mass of fruit produced by gardener Qs trees is greater
than the mean mass of fruit produced by gardener P’s trees. You may assume that both distributions are

normal and you should state any additional assumption.

Cambridge International AS & A Level Further Mathematics 9231 Paper 21 Q9 June 2013

A random sample of 10 observations of a normally distributed random variable X gave the following
summarised data, where x denotes the sample mean.

D x=704, ) (x— %P =848

Test. at the 10% significance level, whether the population mean of X is less than 7.5.

Cambridge International AS & A Level Further Mathematics 9231 Paper 22 Q7 November 2013

A random sample of 50 observations of a random variable X and a random sample of 60 observations of a
random variable Y are taken. The results for the sample means, x and y, and the unbiased estimates for the
population variances, s and s_%, respectively, are as follows.

¥=254 y=236 s5=232 ;=278

A test at the a% significance level, of the null hypothesis that the population means of X and ¥ are equal,
against the alternative hypothesis that they are not equal, is carried out. Given that the null hypothesis is not
rejected, find the set of possible values of a.

Cambridge International AS & A Level Further Mathematics 9231 Paper 21 Q6 November 2014



In this chapter you will learn how to:

m fit a theoretical distribution, as prescribed by a given hypothesis, to given data

® usea y’-test, with the appropriate number of degrees of freedom, to carry out the corresponding
goodness of fit analysis

m use a y’-test, with the appropriate number of degrees of freedom, for independence in a
contingency table.
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PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do l Check your skills
AS & A Level Mathematics Calculate probabilities from [ 1 Let X~Bin(10,0.2). Find
Probability & Statistics 1, discrete random variables ‘ P(X < 3).
Chapters 6 & 7 such as binomial, Poisson and | 2 Let ¥~Po(2.2). Find P(Y > 3).
AS & A Level Mathematics geometric. ‘ 3 Let G~Geo(0.3). Find P(G < 4).
Probability & Statistics 2, ] i
Chapter 2
AS & A Level Mathematics Calculate probabilities from 4 Let X~N(42,6). Find P(X > 40.2).
Probability & Statistics 2, the normal distribution.
Chapter 5
Chapter 8 Calculate probabilities from 5 Let X represent a continuous
any continuous random random variable with a probability
variable. density function f given by:
3 sn
s —2<x<
f(x) = So(x +3) -2<x<3
0 otherwise
' Find P(-1 < X <2).

Testing statistical models

In this chapter, we shall test whether the data provided fit a particular distribution.
Sometimes the parameters will be given, but sometimes they will not.

We shall also test how closely categorical data are associated. For example, we could test
if there is an association between hair colour and eye colour, or between colour blindness
and gender.

These statistical tests are vital in social sciences: Psychology and Sociology, in particular.
Most of the data collected in these subjects are categorical. This allows researchers to
analyse any associations between these types of data.

10.1 Forming hypotheses

We shall test how well the observed data from an experiment fits the expected values from
a distribution. For example, consider rolling a die. We may wish to test if the values on
the die have an equal chance of being selected, that is the die is not biased. This means
that we are looking to see if the data fit a discrete uniform distribution. A discrete uniform
distribution occurs when each outcome is equally likely so it has the same probability.

To perform a hypothesis test, we need to define a null hypothesis as in Chapter 9.
For the die, we could set up these hypotheses:
Hy: There is no difference between the observed data and the expected values.

H;: There is a difference between the observed data and the expected values.
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This is vague, but it shows the fundamental premise behind the test. We need to ensure that
our hypotheses are related to the situation we are testing, as shown in Key point 10.1.

We could have written these hypotheses:
H,: A discrete uniform distribution is a good-fit model.
H,: A discrete uniform distribution is not a good-fit model.

It is very important that the hypotheses are well written and that our conclusions refer to
the initial problem.

When defining your null and alternative hypotheses, make sure you refer to the distribution that you
are using to model your observed data.

In your conclusion, make sure you address the initial problem. You will see this in the examples
regarding rolling die.

Let us continue with the idea of rolling a die. In an experiment, we roll a die 180 times and
collect the following data.

1 2 3 4 5 6
29 | 31 [ 34 | 39 {23 | 24

We will use N to denaote Z O;, the sum of the observed frequencies.

To test whether the die is biased or not, we need to consider how well this data set fits a
discrete uniform distribution.

The discrete uniform distribution will have the following probability distribution.

L w=13345%
P(X:x)= 6

0 otherwise

The expected frequencies from this distribution (and, in fact, any discrete distribution we
choose to use) can be calculated using the formula N x P(X = x).

1 2 3 4 3 6
30 | 30 | 30 | 30| 30

The last cell is coloured red for a reason. Since we know the total is 180, and we know the
sum of the other expected values is 150, the last value is predetermined. It is not calculated
from the probability distribution. This seems trivial at the moment, but will become very
important when calculating the test statistic and modelling its distribution.

The first five expected values (these can be any five) are free, independent variables.
The final expected value is predetermined and is not independent of the others. It is
calculated from the others rather than from the probability distribution.

This is called a constraint and reduces the free variables in the system by one. We call these
degrees of freedom.

We will need to refine how we find degrees of freedom, but we can make use of the formula
shown in Key point 10.2.
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For a goodness-of-fit test, the number of degrees of freedom. v (the Greek letter nu), in the system is
found using:

v = number of expected values — | — number of parameters estimated

In the case of rolling a die, we have six expected values. We subtract 1 because of the
constraint on the system and we have no parameters to estimate. (This will be developed
further through the following examples.)

Let’s look back at our die:

1 2 3 4 5 6
29 | 31 | 34 | 39 | 23 | 24
30 ) 30 | 30 | 30 [ 30 | 30

We need to calculate a test statistic to be able to carry out the test.

We want to calculate the difference relative to the expected value (E)) and the
corresponding observed value (Q;). We want this test statistic to be equal to 0 if the
observed and expected frequencies are the same.

The construction is very similar to finding the sample variance.
(0,- E) .
We first calculate ———— for each pair of values and then we add these up:

: . z ((ot. J—EiE,:)z)

This is the test statistic that we will use.

Which distribution can we use to model the test statistic? If we meet the following
necessary conditions then X~ ;(Z(y), where v is the number of degrees of freedom required:

e each O, represents a frequency
all E; are greater than five
the classes all form a sample space; that is, each observation taken fits uniquely into a
single category.
This is shown in Key point 10.3. Note that y* is a chi-squared (from the Greek letter chi;
pronounced ‘kye-squared’) statistic.

(02 ph E’i): ) - . .
N ~xy*(v) is a good approximation.
T

Given the condition that all £, > 3. then Z (

DID YOU KNOW?

The #*(v) distribution is the sum of » independent values from squared standardised normal
distributions:

2W)= D, Z3, where Z~N(0, 1)
1

In the case of the die discussed previously, we have five independent variables (the final £ was a
constraint on the system), and so we can model the X statistic, the sum of the squared normal
distributions, as Z7+ Z3+ Z3+ 25+ Z1 = 4%(5).
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The condition that E, 2 5 is linked to the similar condition that the {requency of the bars of a
histogram must also by greater than five. It is useful to research this yourself. It has something to
do with the effect of outlying data on the test statistic. As the sample size grows, this condition can
be relaxed as the approximations to the squared normal distributions improve. However, in this
course we must use the condition that each E; 2 5.

WORKED EXAMPLE 10.1

Let us return to the experiment with the die.

An experiment is carried out to test whether a die is biased or not. A die is rolled 180 times and the following
observations are tabulated.

1 % 3 4 5 6
29 31 34 39 23 24

Test, at the 5% significance level, whether the die is biased.

Answer

If the die is biased, then we cannot fit the data to a Define the hypotheses.
discrete uniform distribution. If the die is unbiased,
then a discrete uniform distribution would be a good fit.

Hy: A discrete uniform distribution is a good fit.
H,: A discrete uniform distribution is not a good fit.

The assumed probability distribution is: Expected frequencies are calculated using
N xP(X = x).
1 x=1,2,3,4,556 \hier
P E=kl=%0
0 otherwise
So we can calculate the expected frequencies and, hence, the

2
value of each i~ EI
/
1 29 30 0.0333
2 31 30 0.0333
3 34 30 0:5333
4 39 30 27
5 23 30 1.6333
6 24 30 12

p=6-1=0 Calculate the degrees of freedom. Since we have
v=>5 not estimated any parameters, we have five degrees
of freedom.
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The critical value will be: Find the critical value from the y?-distribution
=1 3 841 Even though the hypothesis is two-tailed. we

5 5.00] consider only the upper tail for goodness of fit
since we are measuring how much the test

3 7.815 s :
statistic exceeds a specific value.

4 9.488

5 11:07

6 12.59

23(0.95)=11.07
Since 6.1333 < 11.07, there is insufficient evidence Always refer to Hy.
to reject Hy.

There is insufficient evidence to state that a discrete Refer back to the question when writing the
uniform distribution is not a good fit. conclusion.

There is insufficient evidence to suggest that the die is biased.

L RN B R

There is another way of calculating this test statistic.

Z ((Oi ;{E,-)Z)

0} - 20.E, + E? ;
= Z (—-—) Multiply out.
E;
0?
= Z (E) —-2Z(0) + Z(E))  Simplify.
i
0 .
= Z (E) —-2N+ N Now we have established that 20, = N.
07
2_ B, Y And, in fact, ZE;= N.
# Z (E:) !

| This is a convenient form to use, but some information that may be useful for further analysis may
be lost. We will mention this when we consider contingency tables in Section 10.4.

EXERCISE10A

1 Find the values of:
a x3(0.9) b x71(0.95) ¢ x3(0.99) d  x%,(0.995)

2 For the following distributions and sample sizes, write the table of expected values.
2
X
= x=1,2
a P(X=x)=+ 30 =ity
0 otherwise
A= 150




Cambridge International AS & A Level Further Mathematics: Further Probability & Statistics

b Data values a, b, ¢, d are in the ratio 4:4:2:2; n = 240

1

- = 4 7.8
¢ P(X=x)=417 =it S

0 otherwise

n =280

3 For the following sets of observed (0) and expected (F) data, calculate the value of y2, the test statistic.
a
32 59 12 14 41 32
40 50 20 15 40 25
b s | 23 | 39 | 42 | 42 | a1 |3 | 2]
11 24 35 40 45 40 35 24 11
€
3% 61 70 55 39
30 60 90 50 30
4 The following dataset shows values for what is thought to have come from the probability distribution.

5—x

- _— x=1,2,3,4
P(X=x)= 10

0 otherwise

1 2 3 4
m 35 29 12 4

A test at the 5% significance level will be carried out.

a Find the expected values. b State the hypotheses.
¢ Find the value of the test statistic. d State the degrees of freedom.
e Write down the critical value. f Conclude the hypothesis test.

m 5 The population of a country is known to have blood groups O, A, B and ABin the ratio 5:3:2:1. 220 people
are randomly selected from the population of a neighbouring country. Their blood group is assessed and the
results tabulated.

O A B | AB
87 | 73 | 49 | 11

Test at the 5% significance level whether or not the neighbouring country’s population has the same
proportions of bleod groups.

0 6 A company is preparing invoices to send to their customers. Before they are sent, they are checked and the
daily number of mistakes found over a two-week period are recorded.

Test, at the 5% level of significance, whether a uniform distribution is a good-fit model.
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10.2 Goodness of fit for discrete distributions

Testing a binomial distribution as a model

We can now apply these general principles to known parametric distributions. With

the binomial distribution, we may be asked to see whether the dataset fits a binomial
distribution with a given probability of success (p), or we may be asked whether it fits a
binomial distribution without the parameter stated. In this case, we would need to estimate _ :
the parameter. This will affect the degrees of freedom, as stated in the formula: Becureinl fiotts contice
n (the number of

trials in the binomial

The parameter is p. This can be estimated by knowing that E(X) = np. So the estimate distribution) with N
(the number of times
the experiment is

,where ; =0, 1, 2..., n, the mean from the observed dataset. repeated).

v = number of expected values — 1 — number of estimated parameters

of pis:

. X o EI’;XO,‘
p=-, where X =

WORKED EXAMPLE 10.2

The data in the table are thought to be binomially distributed.

0 . 5 3 4 P 6 - Al[. values shoul_d be
written to 3 decimal
10 34 63 48 29 10 4 2 places. However, more

accurate values should

Test, at the 5% significance level, the claim that the data are binomially distributed. bevsed il
Answer
- ZhE0) 508 5 54 Since we are not given a parameter,
R o we must estimate this first.
. 2.54 _—
Therefore, p= S B 0.363 (3significant figures)
Hy: A binomial distribution is a good fit. Define the hypotheses. Notice
H;: A binomial distribution is not a good fit. there 1s no reference to the value

of the population proportion, as
this 1s unknown.

We calculate the expected values Expected values are calculated
by 200 x "C(0.363)"(0.637)*". using £, = N XP(X=r) and we
have X'~ Bin(7.0.363).

0 10 8.525

l 34 33.985

2 63 58.064

3 48 55.113

4 29 31.387

5 10 10.725

6 4 2.036

7 2 0.166
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Assome E, <5 weneedto
combine the cells for when
ri S G L
0 10 8.525 0.255
1 34 33,985 0.000 After combining we have six
5 3 53.064 0.420 expected values.
3 48 53,113 0.918
4 29 31.387 0.182
5-7 16 12.927 0.731
3 (0, —E)* .
=) (#iEi ) =2.506
v=6-1-1=4 Consider the number of degrees
of freedom: we need the extra —1
because we are now required to
estimate a parameter.
The critical value is y3(0.95) = 9.488. Note. throughout the question,
Since 2.506 < 9.488, there is insufficient no reference has been made to the
evidence to reject Hy. There is insufficient population proportion. This is
evidence to state that a binomial distribution because it is unknown.
is not a good fit.

228 \
Testing a Poisson distribution as a model

With the Poisson distribution, we need to see whether the dataset fits a Poisson distribution
with a given rate (the parameter here is 1). Alternatively, we may need to estimate the
parameter.

The parameter is 1. This can be estimated using:

Ii:Zr!-X O,'
N

WORKED EXAMPLE 10.3

The data in the table are thought to be modelled as a Poisson distribution with a mean of 2.5.

0 1 2 3 4 5 6 7-
8 34 42 28 26 5 5 2

Test the claim, at the 5% level of significance, that the data can be modelled as a Poisson distribution withmean 2.5.

Answer
In this case, the parameter is given and so
it does not need to be estimated.

H,: The Poisson (2.5) model is a good fit. Define the hypotheses.

H,: The Poisson (2.5) model is not a good fit. Here we can refer to the population parameter in the
hypotheses, as it is a known value.
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We calculate the expected values here by:

150 % e 23 % %
0 8 12313
1 34 30.782
2 42 38.477
3 28 32.064
4 26 20.040
o 5 10.020
6 5 4.175
7- 2 2:129

0 8 12.313 1.511
1 34 30.782 0.336
2 42 38.477 0.323
3 28 32.064 0.515
4 26 20.040 1792
5 10.020 2.515
60— ! 6.304 0.077
5 (0;— E)?
P (—Ei ) =7.049
v=T7—-1=6

The critical value is »2(0.95) = 12.59.

Since 7.049 < 12.59, there is insufficient evidence
to reject Hy,.

There is insufficient evidence to state that a Poisson
(2.5) model is not a good fit.

For the Poisson distribution,
_A r
PH=pee =
r!
The final E value is calculated as 150 — (sum of the others).

Since F < 5 for some values, we need to combine the final
two categories.

Calculate the test statistic.

We now consider the degrees of freedom.

No parameters were estimated.

1 Itis believed that some data, N = 80, can be modelled by X~Bin(6, 0.3). The table of expected values is:

46

0 1 2 3
9.412 | 24.202 r s

5.638

a Findr
b Finds.

Write your answers to 3 decimal places.
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2

3

4

It is believed that some data, N = 100, can be modelled by X~Po(2.9). The table of expected values is:

0 1 2 3 4 5 6—
5.502 15.957 r 22.367 s 9.405 7.417

a Findr.

b Finds.

Write your answers to 3 decimal places.

It is believed that the following observed data follow a binomial distribution.

0 1 2 3 4 5
3 10 15 16 9 3 2 2

Let p be the unbiased estimator for the proportion, p.
a Show that p=0.393 to 3 significant figures.

b Using the value found in a, find the values of r and s in the following table of expected data.

0-1 2 3 4 5-7
10.078( r 17304 s 5.378

¢ Explain why it was necessary to combine some of the columns together.

For the data below, calculate the test statistic and state how many degrees of freedom are required, assuming
no parameters need to be estimated.

20 31 15 12 10
24 35 14 7 6

For each following question, clearly state:

your hypotheses

the value of your test statistic
the degrees of freedom required
the critical value

your conclusion.

150 students take a multiple-choice test consisting of six questions. The numbers of correct answers are
tabulated.

0 1 2 3 4 5
2 10 30 36 el 22

Test, at the 5% significance level, whether a binomial distribution is a good model for the data.

The number of accidents on a road per day is recorded for 80 days, giving the following results.

0 1 2 3 4 5
13 21 23 11 i 5

It is thought that the dataset models a Poisson distribution with a rate of 2.5 accidents per day. Test this claim
at the 5% significance level.
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m 7 The owner of a small ski hostel records the demand for rooms during high season.

0 1 2 3 4
13 27 41 13 6

a Show that the mean demand for rooms per night is 1.72.

A test is to be carried out at the 1% significance level to show that a Poisson distribution is a good model.
The expected values are:

0 1 2 3 4
17.91 » 26.49 q 9.62

b Find the value of p, and hence g.

¢ Carry out the hypothesis test.

10.3 Goodness of fit for continuous distributions

Testing a normal distribution as a model

With the normal distribution, as with all continuous distributions, we need to note
carefully how the data are grouped so that we calculate the expected values correctly.
Worked examples 10.4 and 10.5 highlight this point. We also need to be aware that two
parameters may now need to be estimated: 4 and &°.

If required, u can be estimated by X, and ¢* can be estimated by s% This will affect the
number of degrees of freedom, as shown in Key point 10.4.

@ KEY POINT 10.4

When fitting a normal distribution, the number of degrees of freedom are:

v=n-1 if no parameters are estimated
v=n—-1-1 if one parameter is estimated

v=n-1-2 if two parameters are estimated.

WORKED EXAMPLE 10.4

During observations on the weights of 150 newborn babies, the following data are observed and recorded to
1 decimal place.

2.0-24 2529 3.0-3.4 3.5-39 4.0-4.4 4.5-4.9
8 14 54 43 22 9

It is believed that the data follow a normal distribution, with variance 0.4 . Test this belief at the 10% significance level.

Answer
Here, we are given the population variance, but we need to To estimate the mean, use the midpoints of the
estimate the mean. We also need to set out the data in a way groups in the usual calculation.

that will enable us to calculate the expected values.

Y fe=522

i 150
522

P

AT
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H,: A normal distribution with variance 0.4 is a good fit.

H,: A normal distribution with variance 0.4 is not a good fit.

Define the hypotheses.

Show the information correctly so you can
calculate the expected values. It is very important
that the expected values add up correctly to the

24 0.0 1455 .008 ;
- Skl : > S total of observed data. For this to happen, we
45 | 28 s o el i must consider the entire probability distribution
295 | 345 0.2801 54 42014 3.422 and ensure that the probabilities add up to 1.
345 | 395 0.2902 43 43.532 0.007 =) )

We must use the probability at the lower tail and
395 | 445 0.1661 22 24.922 0.343 ; ; :

the upper tail to include all values. This means

3 ] 9,381 )

448 i ’ e e that the lower group should be X < 2.45 rather

than 1.95 € X < 2.45. Similarly, for the upper
tail, we should consider X > 4.45 rather than

445 € X <4.95.
Standardise X~ N(3.48,0.4) to calculate the
probabilities.

For example: P(X < 2.45)

245—-348

- P(Z< -
V0.4

) =0.0517

= ((O" ;_E)—> — 6.942

v=6-1-1=4

232
We have estimated one parameter, = 3.48, and

so we have v=n — 1 — 1 degrees of freedom.

The critical value is x3(0.9) = 7.779. Find the critical value.

Since 6.942 < 7.779, there is insufficient evidence to reject Hy.
There is insufficient evidence to state that a normal distribution
with variance 0.4 is not a good model.

Worked example 10.5 introduces a continuous uniform distribution and fits it to the data.
The grouped data are described in a different way. It is very important that you are aware
of how the data are presented, as this can affect the accuracy of the estimators required.

A continuous uniform distribution is sometimes referred to as a rectangular distribution
due to the shape of its probability density function. The distribution over an interval has
the same probability density for all values.

Let X~ Ula,b]. YA
0.20
1
——— BEEED 4
Then f(x)=4 b—ua st -
0 otherwise. 0.10 4
For example, consider X~ U2, 8]: 0.05 -
l
e 2 é pe s 8 T T T T T T T T |:
f(x)=146 ol (gl x el &2l 6l @ g1 ot

0 otherwise
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WORKED EXAMPLE 10.5

The waiting times for a bus are observed over 120 days and the results are noted.

0— 10— 20— 30— 40— 50-60

14 25 27 25 15 14
The departure time of the previous bus is unknown in each case. It is believed that the waiting times are uniformly
distributed over one hour. Test this claim at the 10% level of significance.

Answer

We are modelling this as a uniform distribution on the interval Define the hypotheses.
[0, 60] and so we can define our hypotheses on this basis.

Hy: U0, 60] is a good model.

H,: U[0,60] is not a good model.
The probability function for UJa, b] is

sl B
0<<10 14 20 1.8 il a\xiﬁb
E 0 otherwise.
0Lt<20 25 20 1.25
20K 1<30 27 20 2.45
30 1<40 25 20 1.25
40 £ 1< 50 15 20 125
50< <60 14 20 1.8
) (0, ~BF
2 E(5T)-
v=6-1=5 Calculate the number of degrees of freedom.
23(0.9) =9.236 Find the critical value.

Since 9.8 > 9.236, there is sufficient evidence to reject Hy.

There is sufficient evidence to suggest that U/ [0, 60] does not fit
the data.

EXERCISE 10C

1 For each of the following distributions, write the table of expected values.

1
A e S
a P(X:x):{s 2\x 7

0 otherwise
B e

2 x<3 18

I<x<4 10

4 x<45 10

45 gngs 11

5€x<€T 31
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2 65<xg11
b P(X=x)=<9 ST
0 otherwise
6.5<x<15 20
75<x<8 8
8<x<85 11
§5<x<9 6
9<x<10 21
10 3=l 15
-1
 _— 3<x<9
¢ P(x=x)=< 228 °~ 77
0 otherwise

|

3<x<6 127
6gx<T 86
T<x<8 119
8 < x <85 79
85<x<9 89

2 For each distribution in question la—c, calculate the value of the test statistic, 52

a “
234 2<x<3 18
3g<x<4 10
4 x<45 10
45€x<5 11
Sixell 31

o

6.5<x<75 20
TS5 el 8
8 < x<85 11
85<x<9 6
0gx<10 21
10 x <11 15
< AR

i aveh 127
6<x<7 86
T7<x<8 119
8<x<85 79
85<x<9 89

3 For each of the following sets of information, find:
i the number of degrees of freedom

ii the critical value.

a Number of E; cells after combining = 9. The data are believed to fit a normal distribution with mean 6.

Test at 5% significance.
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b Number of E; cells after combining = 7. The data are believed to fit a normal distribution.

Test at 10% significance.

¢ Number of E; cells after combining = 11. The data are believed to fit a normal distribution with mean 6
and variance 4.

Test at 2.5% significance.
d Number of E; cells after combining = 15. The data are believed to fit a normal distribution with variance 5.

Test at 5% significance.

Let X~N(35,4?%). Find:
a P(X<30.5) b P(30.5 < X <40.5) ¢ P(40.5 < X <46.5) d P(X>46.5)

For each following question, clearly state:

your hypotheses

the value of the test statistic

the number of degrees of freedom required
the critical value

your conclusion.

A machine is designed to cut metal into strips of length 25m, to the nearest metre. The lengths of 100 cut
pieces are grouped and recorded.

245 1<2475 21
24755 1<25 29
25¢T%2525 27
25.25¢]<253 23

It is believed that the machine is equally likely to cut the metal to any length between 24.5 and 25.5 m. Test
this claim at the 5% level of significance.

A company makes climbing rope, which is cut to lengths of 50m with a standard deviation of 1.5m.
A sample of 150 pieces of rope is measured and the results are recorded.

<48

48 <1< 49

49 < /<350 22
50 € /<51 30
51<1<52 33
52£1<53 30
53 /<54 25
54 £1<55 8

Test, at the 5% significance level, whether the lengths of pieces of rope can be modelled as a normal
distribution according to the parameters suggested.
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@ 7 At the end of a statistics course, 110 students sit an examination. The marks are grouped into classes, as
shown in the following table.

0-29 22
30-34 g
35-39 8
40-49 16
50-59 20
60-69 16
70-90 20

D x=5305, ), x2=392247.5

It is believed that the mean for the population is 47.5.
a  Show that the unbiased estimator for the standard deviation of these data is 35.38.

b Test, at the 0.5% significance level, whether the data fit a normal distribution with mean 47.5.

1,6 0<x
8 It is believed that the following data fit the model f(x) = { 40
0 otherwise.
0- 20— 40— 60— 90— 120—
40 20 Is 14 8 3

236 Test this claim at the 5% significance level.

EXPLORE 10.1

Sometimes, statistics can be manipulated to ensure that the outcome of a test supports
a person’s claim.

Consider a tree nursery. It has recently reduced its spending on the amount and
quality of the fertiliser used to help the trees to grow. The expected heights of the
irees after six months should be:

0-10 | 11=20 | 21-30 | 3140 | 41-50 | 51-60 | 61-70 | 71-80 | 81-90

2 2 5 4 9 11 2 3 2

The nursery manager has been told that the fertiliser is not good enough and the
trees are not growing as they should be. For non-scientific reasons, the nursery
manager wishes to show that this is not true. He carries out a 2.5% significance level
-test to show that the observed data and expected data have the same distribution.
The observed heights of the trees after six months were:

0-10 | 11-20 | 21-30 | 3140 | 41-50 | 51-60 | 61-70 | 71-80 | 81-90

4 4 5 11 6 4 3 2 1

How can the nursery manager perform a +*-test to show that the observed and
expected data come from the same distribution and, hence, the trees are growing as
they should? Think about how to group categories.
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10.4 Testing association through contingency tables

Another application of the y?-distribution is to look for an association between two
criteria. We describe this as testing whether two criteria are independent. This is a
particularly powerful test as it allows us to deal with data in categories, such as the
association between eye colour and hair colour. Again, we need to be very specific and
careful with the language that we use. As long as the two criteria we want to test can be
split into distinct categories, we can create a contingency table and then use y° to test for
an association between the criteria.

It is important to include row totals, column totals and the grand total when using
contingency tables.

The total of each row is called R;.

The total of each column is called G,

This is a contingency table. Notice that each data point will be placed uniquely into one of
the nine categories, thus satisfying one of the conditions for using a y>-distribution.

This contingency table shows the observed data.

‘We can see that the eye colours are in the ratio 5: 3 : 2 and the hair colours are in the ratio
10 : 7 : 3. However, no individual row or column matches these ratios.

If there is no association between the criteria, the ratios between the totals should also be
reflected in each row and in each column. We use the ratios to find each expected value, as
shown in Key point 10.5.

D) KEY POINT 10.5

To calculate each expected value in a contingency table:
R,‘ X q
i = T

This will guarantee that the ratios between the totals are reflected in each row and each
column, and will give us a table that assumes there is no association between eye colour
and hair colour, We can now set up our hypotheses.
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WORKED EXAMPLE 10.6

Answer

Consider the previous contingency table. Find the expected values.

R x G

We use the formula E;; = =

100 x 100 100 x 70 100 x 30 for each cell.
200 200 200
60 x 100 60 x 70 60 x 30
200 200 200 o
40 x 100 40 x 70 40 % 30
200 200 200 A
100 70 30 200
Notice that in the table of expected
values, each row is now in the ratio
>0 35 15 100 10 : 7 : 3 and each column is in the ratio
30 21 60 5:3:2, as required.
20 14 40
100 70 30 200

To perform a y*-test, we also need to consider how many degrees of freedom there are in

the system.

Consider the previous table (expected values):

Since we are given the totals, we have sufficient information (and the necessary
information) to be able to generate the whole table. The four data values shown in red
are the only free independent variables that exist. We can calculate the remaining five

values from these four. Note that these are not the only four values that could be used.

Some combinations of four values will not work as they will not allow us to calculate

the rest of the values. The minimum number of expected values that must be calculated
independently is four in this case. We can calculate the number of degrees of freedom as
(number of rows — 1)(number of columns — 1) = (3 — 1)(3 — 1) = 4 as shown in Key point 10.6.

KEY POINT 10.6

The number of degrees of freedom of an r X ¢ contingency table 1s:

v=(r-1(c—1)




Chapter 10: Chi-squared tests

It is now possible to perform a hypothesis test to see whether there is an association
between two criteria (provided the criteria are independent).

WORKED EXAMPLE 10.7

Given the data below, conduct a hypothesis test, at the 5% significance level, to see whether there is an association
between eye colour and hair colour.

Answer

Hy: There is no association between eye colour and First define the hypotheses.

haitieslous We could have stated the hypotheses as:

H,: There is an association between eye colour and H: Eye colour and hair colour are independent.

hair colour.
H,: Eye colour and hair colour are not independent.

We can now calculate the expected values.

2

o
' . 3
for each pair. In this case,
ij

We calculate

63 50 3.38 this is called the contribution.

26 30 0.533

11 20 4.05

31 35 0.457

20 21 0.048

19 14 1.786

6 S 54
14 9 2R
10 6 2.667
0..— E.)? -
= 2 ((LEi) =21.098 Calculate the test statistic.
if

Degrees of freedom: Calculate the number of degrees of freedom.
v=(F—-1(c—-1)=4
x4(0.95) = 9.488 Find the critical value.
Since 21.098 > 9.488, there is sufficient evidence Write your conclusion to the hypothesis test.
to reject Hy,.
There is sufficient evidence to suggest an association A different way of saying this would be:
between eye colour and hair colour. There is sufficient evidence to suggest that eye

colour and hair colour are not independent.
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(0y; — Ey)?
In Worked example 10.7, each individual ~ Y7 was referred to as a contribution.
ij
This is an appropriate name since each value contributes to the test statistic. In fact, the
relative size of this can give us more information when we reject the null hypothesis. It

shows the major contributing factor that causes us to reject the null hypothesis.

o
We could use the form Z (E—j) — N, but then we would not be able to deduce this
information. j

ij
WORKED EXAMPLE 10.8

A research student collects information regarding the age of adults and the amount of debt that they have
accumulated. The information collected is presented in the following table.

45 68
15 32

Test, at the 5% level of significance, to decide whether there is an association between age and amount of debt.

Answer

H,: There is no association between age and Define the hypotheses.
amount of debt.

H,: There is an association between age and
amount of debt.

Calculate the totals for each row and column.

Calculate the expected values using
B>

E!j. - T .

Thereisno E;; <5, so we do not need to

consider combining categories.

45 42.375 0.163
15 17.625 0.391
Y 68 70.625 0.098
32 29.375 .23
(0 — Ei)
= Z ( ]’E . ) =0.886 Calculate the test statistic.
i
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Degrees of freedom: Calculate the number of degrees of freedom.
v=0r-D-1)

v=(2-D2-1)

%7(0.95) = 3.841 Find the critical value.

Since 0.886 < 3.841, there is insufficient evidence to reject Hy.
There is insufficient evidence to state there is an association
between age and amount of debt.

G In Worked example 10.8, the number of categories is very small and so does not yield
good results. Using a 2 x 2 contingency table in this case means that the y?-distribution
does not approximate the test statistic particularly well. In this case it would have been

(10, — Ejl - 0.5
E;; '

For AS & A Level Further Mathematics, we are not required to use this, but it is

¢ important for further study.

WORKED EXAMPLE 10.9

In a school, the IGCSE results of 380 students are compared to see if there is an association between the grade
gained in Mathematics and the grade gained in English. The results are shown in the table.

better to use Yates’ correction, where each contribution is calculated as

Calculate a table of expected values.

a
b Which columns would you combine and why?
¢ Which rows might you consider combining? State the advantages and disadvantages of combining these rows.

d Combining both rows and columns as suggested, perform a test, at the 1% significance level, to see whether
there is an association between grades achieved in English and in Maths.

Answer
2 Calculate the totals for each row and column.

33 23 9 4 1 70
23 44 24 8 1 100
14 30 28 11 2 85

7 17 25 17 4 70

1 6 19 22 7 55
78 120 105 62 15 380
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Calculate each expected value using
R, x C;

14368 | 22105 | 19.342 | 11.421 | 2.763 ST
20526 | 31.579 | 27.632 | 16.316 | 3.947
17.447 | 26.842 | 23.487 | 13.868 | 3.355
14368 | 22.105 | 19.342 | 11421 | 2.763
11.289 | 17368 | 15197 | 8974 | 2.171

b Combining the last two columns will ensure that We need to combine columns if any E;; < 5.

¢ We could also combine the D and E rows. An advantage of
this is that we are able to compare grade groupings in the
same way: A, B, C, D/E is the same for each subject. The
disadvantage of this is that we have lost information and
also the critical value is reduced.

d H,: There is no association between grades achieved Define the hypotheses.
in Maths and in English.

H,: There is an association between grades achieved
in Maths and in English.

Observed data table with totals for each row and column: Combine the necessary columns/rows.

Expected value table:
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Calculate the test statistic.
33 14.37 24.16
23 20.53 0.30
14 17.45 0.68
8 25.66 12.15
23 22.11 0.04
44 31.58 4.89
30 26.84 0.37
25 39.47 6.88
9 19.34 5:.53
24 27.63 0.48
28 23.49 0.87
44 34.54 2.59
5 14,18 5095
9 20.26 6.26
13 1722 1.04
50 2533 24.03
- 96.20
22 =96.20
v=>@l-1)E-1)=9 Calculate the number of degrees of freedom,
25(0.99) = 21.67 usingy = (r — I){e - 1).
Since 96.20 > 21.67 there is sufficient evidence to reject Hy,. Always add a conclusion, referring to the
There is an association between the grades achieved in GHERIR:
Maths and in English.

1 a For the following table of observed data, calculate the expected values Ey;, Es, and Ej;.

20 | 30 | 10
30 | 50 | 20
10 | 20 | 10

b For the following table of observed data, calculate the expected values E,, Eq and Ej.

14 | 20 | 24 | 22
8 8 1311 L1

Write your expected values to 2 decimal places where required.

¢ For the following table of observed data, calculate the table of expected data

8 12 7
12 11 8
16 | 23 9
18 12 4

Write your values to 2 decimal places, where required.
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2

3

4

For the following observed data, write the table of expected data and calculate the test statistic.

3 10 [ 30 b 36 [ 30
20 | 40 58 | 76

¢ 3] 30 d M 4 [ 10
24 | 30 14 | 4 | 20
58 | 76 18 | 5 | 23

For each given table of expected data, state how many degrees of freedom would be required.

3 1344|1484 | 13.72 h 10 20 30 ¢ 11052]21.03 3155 | 1.90
16.64 | 18.37 | 16.99 21.67 [ 4333 ] 65 21.68 | 43.37 | 65.05 | 3.90
17.92 | 19.79 | 18.29 28.33 | 56.67 | 85 28.48 | 56.96 | 8544 | 5.12

40 80 120 39.32 | 78.64 {117.96| 7.08

Two categories X and Y are thought to be associated. The table of observed data is:

23 36
42 136

a Give the table of expected values, to 2 decimal places.
b Calculate the test statistic.

¢ Test, at the 5% significance level, whether there is an association between category X and category Y.
Clearly state your hypotheses.

For each following question, clearly state:

your hypotheses

the value of the test statistic
the degrees of freedom required
the critical value

your conclusion.

A bank manager obtains information on 150 randomly selected loans made by the bank in the previous
year. The loans are classified as either good or toxic. The manager also looks at the age groups of the people
provided with the loan.

41 32 27 100
23 17 10 50
64 49 37 150

Carry out a test, at the 10% significance level, to see if the loan type is independent of age group.

Last year, 500 students in England entered a poetry competition. Eighty of the entries were published in a book.
Each student was required to state which region of England they lived in: north, south, east or west. 140 students
indicated they were from the north, 120 from the south and 90 from the east. 15% of students from the north had
their poems published, 10% from the south were published and 20% from the east were published.
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a Complete the following contingency table.

21

140 500

b Test, at the 5% significance level, whether there is an association between being published and the region
in which the students lived.

0 7 Residents of three towns, A, B and C, are surveyed on how good their mobile phone reception is while at
home, choosing from good, satisfactory or poor. A random sample of responses are gathered from each town

and tabulated.

Test, at the 5% significance level, whether there is an association between the town and the quality of mobile
phone reception.

@ WORKED PAST PAPER QUESTION

Random samples of employees are taken from two companies, A and B. Each employee is asked which of three
types of coffee (cappuccino, latte, and ground) they prefer. The results are shown in the following table.

60 52 22
35 40 31

a Test, at the 5% significance level, whether coffee preferences of employees are independent of their
company.

Larger random samples, consisting of NV times as many employees from each company, are taken. In each
company, the proportions of employees preferring the three types of coffee remain unchanged.

b Find the least possible value of N that would lead to the conclusion, at the 1% significance level, that coffee
preferences of employees are not independent of their company.

Cambridge International AS & A Level Further Mathematics 9231 Paper 21 Q10 June 2012

Answer
a Calculate the totals for each row and column. First we need to find the expected values.
Remember:
Lo TG
144% 95 | 14492 | 144 % 63 ="

250 250 250

106 x 95 106 x 92 | 106 x 63
250 250 250
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H,: There is no association between the company Define the hypotheses.
and coffee preference

H,: There is an association between the company

and coffee preference

Calculate the test statistic.

60 54.72 0.509474

52 52,992 0.01857
32 36.288 0.506695
35 40.28 0.692115
40 39.008 0.025227
31 26.712 0.68834

yr=2.44 Because of rounding, 2.45 1s also
acceptable here.

v=02-1N3-1)=2 Calculate number of the degrees of
246 freedom.
23(0.95) = 5.991 Compare the critical value with the test
statistic.

Since 2.44 < 5.991, we do not reject Hy. There is insufficient
evidence to suggest there is an association between the
company and the coffee type.

b Since the proportions of data are the same, At the 1% significance level, with two
just N times bigger, the test statistic X2 = N x 2.44. degrees of freedom, the critical value
is ¥5(0.99).

73(0.99) =9.21
To reject the test, we require N x 2.44 > 9.21.
N3

Hence, Nmin =4.
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Checklist of learning and understanding

Goodness of fit:
® When fitting data to a distribution, we combine cells to ensure that E, > 5.
(0,- EY

E

b

Then the test statistic is calculated by »> = Z ( ) ~ yX1) and will have

v = number of expected values — 1 — number of estimated parameters.

Known distributions:

Binomial v=n—1 il pnot estimated
v=n-—2 if pestimated

Poisson v=n—1 if 1 not estimated
v=n-2 if iestimated

Normal v=n-1 if g and ¢* not estimated
v=n-—2 if por o® estimated
v=n-73 if ¢ and ¢* estimated

Contingency tables:

® These are used to look for an association between two criteria or independence.

Rix C;
® FEach expected value can be found from [, = l i " where R, is the ith row total
and () is the jth column total.

Rows or columns can be combined to ensure that each £, > 5.

i

2 (O E’j)z
The test statistic 1s then calculated by y* = Z (E—) :

The number of degrees of freedom is v = (r — 1)(¢ — 1) where r is the number of rows and ¢ is
the number of columns in the table.
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®

i)

END-OF-CHAPTER REVIEW EXERCISE 10

A family was asked to record the number of letters delivered to their house on each of 200 randomly chosen

weekdays. The results are summarised below:

1

2

3

4

5

26

0
57

60

53

25

4

1

0

a Itis suggested that the number of letters delivered each weekday has a Poisson distribution. By finding the
mean and variance for this sample, comment on the appropriateness of this suggestion.

The following table includes some of the expected values, correct to 3 decimal places, using a Poisson
distribution with mean equal to the sample mean for the above data.

0 1 2 3 4 5 26
53.964 | 70.693 p q 6.622 1.735 0.463

b i

Show that p = 46.304, correct to 3 decimal places, and find ¢.

ii Carry out a goodness of fit test at the 10% significance level.

Cambridge International AS & A Level Further Mathematics 9231 Paper 23 Q10 June 2011

A random sample of 200 is taken from the adult population of a town and classified by age group and preferred
type of car. The results are given in the following table.

Test, at the 5% significance level, whether preferred type of car is independent of age group.

Cambridge International AS & A Level Further Mathematics 9231 Paper 23 Q8 June 2014

A random sample of 80 observations of the continuous random variable X was taken and the values are
summarised in the following table.

Deiped A 3<x<4 4R 23 5 . b
36 29 9 6

It is required to test the goodness of fit of the distribution having probability density function f given by

— 2L x<6,
f()=S 2

0 otherwise.

a Show that the expected frequency for the interval 2 < x <3 is 40 and calculate the remaining expected
frequencies.

b Carry out a goodness of fit test, at the 10% significance level.

Cambridge International AS & A Level Further Mathematics 9231 Paper 22 Q7 June 2013



Non-parametric tests

In this chapter you will learn how to:

understand the idea of a non-parametric test and when it might be useful

understand the basis of the sign test, the Wilcoxon signed-rank test and the Wilcoxon
rank-sum test

use a single-sample sign test and a single-sample Wilcoxon signed-rank test to test a hypothesis
concerning a population median

use a paired-sample sign test, a Wilcoxon matched-pairs signed-rank test and a Wilcoxon
rank-sum test, as appropriate, to test for identity of populations.
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PREREQUISITE KNOWLEDGE

Where it comes from | What you should be able to do ! Check your skills

B i , L o oo . B o o i
AS & A Level Mathematics . Find probabilities from the T 1 Given X~ Bin(10,0.5), find
Probability & Statistics 1, | binomial distribution. | P(XY<2uXz9).
Chapter 7 | ;

Hypothesis testing with few distributional assumptions

In Chapter 9 we carried out hypothesis tests for the mean. We specified a number of
conditions such as large/small sample size and known/unknown variance and we assumed
that there was a underlying normal distribution. We carried out a test using the normal
distribution or a 7-test.

All of these tests are called parametric tests because we know the underlying distribution.
There is a population mean which is a parameter we can test.

If we do not know the underlying distribution then we carry out a non-parametric test.
If the sample size is small, we must develop new tests to be able to gather information
regarding the data. The measure of centrality in these cases is usually the median.

11.1 Non-parametric tests

Sometimes when we wish to perform a hypothesis test, we are not able to assume the type
of distribution from which the sample data came. In fact, it may not have a distribution.
This causes some problems as we cannot assume a population parameter, for example,
the mean or variance. In this case, we say that the data is non-parametric. A variety of
non-parametric tests have been developed to cater for this. Each test is based on certain
assumptions so, depending what we can assume, we can choose the correct test.

250

This chapter is split into two main parts, but the ideas are interlinked. In the first part we
focus on single-sample statistics. In the second part we focus on two-sample statistics.
Most of the ideas in the second part will be introduced in the first part. The assumptions
for each test are listed in the following table.

Sign test + The underlying data are continuous

+ The data are independent

Single sample | Wilcoxon signed-rank |+ The underlying data are symmetric
test « The underlying data are continuous
+ The data are independent

Paired sign test » The data are in matched pairs
« The differences between matched pairs are continuous
» The data are independent

Wilcoxon matched-pairs | »+ The data are in matched pairs

signed-rank test « The differences between matched pairs are symmetric

Two sample y . .
«  The differences between matched pairs are continuous

* The data are independent

Wilcoxon rank-sum test |+ The two samples are independent
« The underlying data are symmetric

+ The underlying data are continuous
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11.2 Single-sample sign test

We can use the single-sample sign test when we wish to see whether data differ from
a stated value for the median. It is important to understand that the median is not a
parameter, as we do not know the underlying distribution. This test is based on the

assumptions listed in the previous table.

To perform the single-sample sign test, mark the values that are greater than the stated
median with a + sign, and mark those that are less than the stated median with a — sign.

If the data are well distributed about the median, we would expect an equal number of +
and — signs. So there should be a probability of 0.5 that any data point is above the median
and a probability of 0.5 that it is below the median.

Some people think that the single-sample sign test is quite a crude method, but it does give
some useful information. The single-sample sign test is a special case of the binomial test,
when # is the number of data points and the probability of ‘success’ is 0.5, as shown in Key

point 11.1.

Q

Given n data points, a single-sample sign test is created using X ~ Bin(n, 0.5). The test statistic
can be the number of + signs, that is the number of data points greater than the median. We can
calculate the probability that X' is above this test statistic. below this test statistic, or either in the

case of a two-tailed test.

This can be expressed as P(X < #5| X ~ Bin(#, 0.5)) or P(X = ts| X ~ Bin(n, 0.5)) where fs stands
for test statistic.

WORKED EXAMPLE 11.1

It is believed that the following dataset comes from a population with median 135.

150 130 125 140 170
140 190 180 175 165
160 130 140 140 145

Perform a single-sample sign test, at the 5% significance level, to test this claim.

Answer

Hy: The population median is 135. First, state the hypotheses.

H,: The population median is not 135. Notice that this 1s a two-tailed test.
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Consider which values are above or below the
stated median.

150 + 140 +
140 + 140 +
160 + 175 4
130 - 140 -
190 4 170 -
130 - 165 +
125 - 145 +
180 +

Here, the test statistic is 12, as there are 12 values above
the stated median.

Consider X ~ Bin(15,0.5): Since 12 is greater than g which 1s 7.5, we need

P(X > 12) = 15C15(0.5)!5 + 15C,5(0.5)!5 consider only the top tail.

+ 15C14(0.5)"° + 5¢C5(0.5)

P(X>12)=0.017578

Since 0.017578 < 0.025, the test statistic Since we are looking at a two-tailed test, we
of 12 is in the critical region and, therefore, consider 2.5% as our critical value.

we reject Hy.

252 : i ; ;
There is sufficient evidence to suggest the population

median is not 135.

? In a situation where we have zero instead of + or —, the data point is discounted. This is
not required in this course.

It is possible to approximate the sign test to a normal distribution for large
n (n> 10 is considered large here), as shown in Key point 11.2.

T SR R R

Let S = min(number of + signs, number of — signs) then E(S) = g Var(S) = E

non 1 T : A
) , we can use the normal approximation of the binomial with

73
p =0.5. We must also make sure that we use a continuity correction. As we are approximating a
discrete distribution with a continuous distribution, our z-value is:

St—u+05

a

For large » (> 10), T~N(

For example, if the test statisticis S* =5, and we have approximated to T ~N(15,7.5), we

calculate the z-value as z= el since any value from 5 up to 5.5 rounds down to 5,
V7.5

and we are looking in this case at P(X < 15).



Chapter 11: Non-parametric tests

For the following dataset, calculate S* based on each of the stated null hypotheses.

133 132 155 145 157
140 152 167 148 158
163 126 179 126 149
182 138 172 178 166

a Hy: population median is 150. b Hg: population median is 141.
¢ Hy: population median is 156. d Hg: population median is 165.
For each of the following, find P(X < S*[X~Bin(n, 0.5)).

a St=3,n=12 b §"=2,n=9 c St=4n=15 d St=5n=20

For each of the following, find P(X > S*X~Bin(xn, 0.5)).
a St=1l,n=14 b St=10,n=12 c S§t=13,n=15 d StT=17,n=25

For the given hypotheses, sample size and value of S¥, state whether the null hypothesis should be rejected or
not rejected at the 5% significance level. Do not use a normal approximation.

a Hjy: the population median is 38.
H,: the population median is less than 38.
St=4,n=15

b Hj: the population median is 16.2.
H,: the population median is not 16.2.
St=5n=20

¢ Hy: the population median is 154,
H: the population median is greater than 154.
St=11,n=15

For each of the tests in question 4a—c, state E(S) and Var(S) and hence the value of the test statistic, when
approximating to the normal distribution.

Acid rain is a problem for many areas. Rain is described as being acidic if its pH level is below 5.2. In a city,
a biologist takes 12 water samples and measures the pH.

4.73 5.06 4.87 4.88
5.04 5.16 5.07 5.09
5al:k 5.24 5.25 325

Test, at the 5% significance level, whether the rain in this city is acidic.

During 2017, the weekly amount of pocket money given to a random sample of 15-year-old children living in
Chicago is:

$9.50, $10.50, $12.50, $7.50, $20.00, $13.00, $14.00, $16.00, $17.50, $10.00
During 2016, the median amount of pocket money given to 15-year-olds in Chicago was $11.00. Carry out

a sign test to investigate the claim that the median weekly amount of pocket money given to 15-year-old
children in Chicago has increased since 2016. Test this claim at the 10% level of significance.
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@ 8 A website advertises used cars for sale. During September 2018, 12 cars of similar age and of the same model
are for sale. The asking prices for the cars (SAUS) are:

5999, 8900, 7000, 6499, 7500, 7999, 8450, 6500, 7250, 8150, 4999, 5600
a Investigate, at the 10% significance level, whether the median asking price for such carsis $7675.
b Still using the 10% level of significance, above what value would the median need to be to make the test

significant?

@ 9 The tax office claims that it takes 60 minutes to fill out their tax form. A researcher believes that it takes
longer than this. A random sample of 20 people are selected, and the recorded times taken to complete the
form are listed below.

55 62 63 68 70
71 58 62 64 69

69 72 59 62 66
68 69 72 69 63

Use a suitable approximation to test the claim, at the 5% significance level, that the time taken to complete the
form is more than 60 minutes.

11.3 Single-sample Wilcoxon signed-rank test

If we know that our underlying data are symmetric, we can refine the sign test by
performing a Wilcoxon signed-rank test. This test factors in the magnitude of the rank,

as well as whether it is above or below the median. Another condition placed on the use of
this test is that the underlying data are continuous.

254

To perform the single-sample Wilcoxon signed-rank test, we rank the differences in the
data points from the stated population median. The test statistic is the smaller value of the
sums of the negative ranks and the sums of the positive ranks.

As shown in Key point 11.3, a Wilcoxon signed-rank test can be performed under the
conditions that:

e the underlying data are symmetric
e the underlying data are continuous
e the data are independent.

Where P is the sum of the ranks corresponding to the positive differences from the stated median
and N is the sum of ranks corresponding to the negative differences from the stated median:

T =min(P, N)

T is the test statistic for the Wilcoxon signed-rank test. Critical values can be found in the
statistical tables. If the test statistic is below the critical value, we reject H.



Chapter 11: Non-parametric tests

Even though the data are continuous, we are measuring the sums of ranks, and so the
distribution of T is discrete. Also, it is worth noting that P can fall between the values

nn+1
( ). As all of the data points lie about the stated population median, their

nn+1)

0 and

ranks will be between 1 and », and the sum of these integers is
The closer our test statistic is to 0, the more extreme the data; that is, the more likely

data are to be above or below the stated population median. This is why we need our test
statistic to be below the critical value from the tables.

WORKED EXAMPLE 11.2

The weights (in kg) of ten randomly selected Spanish mackerel are recorded:
16,1.1,2.1,24,22,29,26,23,2.7,1.9

Test, at the 5% significance level, whether the median weight is greater than 1.8kg.

Answer

Hp: The population median weight of Spanish Define the hypotheses.
mackerel is 1.8 kg,

H;: The population median weight of Spanish
mackerel is greater than 1.8kg.

To perform this test, we first need to rank the
magnitude of differences of each data point from the

- i 2 stated population median. Ignoring signs, start with
1.1 -0.7 7 the smallest difference and give this rank 1, the next
1 0.3 3 smallest difference is given rank 2 and so on.

24 06 6 We can check P and N here using the fact that:

2.2 04 4 Ll

2.9 1.1 10

2:6 0.8 8

2.3 0.5 5

747} 0.9 9

1.9 0.1 1

So the test statistic here is 7= min(P, N) = 9.
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We look up the critical value in the statistical tables:

We are conducting a one-tailed test here at the 5%
significance level.

The critical value here 1s 10.

7 ) 2 0
8 5 3 1 0
) 8 5 3 1
10 (o 8 5 3
11 IEz 10 7 5
Since 9 < 10, (test statistic < critical value), there is Be careful, as we require test statistic < critical value
sufficient evidence to reject Hy. to reject Hy here. This is different from the other tests
performed in Chapter 9. We are testing whether the
test statistic is significantly smaller than would happen
by chance.
There is sufficient evidence to suggest that the Write a conclusion in context.

population median is not 1.8 kg.

256

; If the ranks are tied, for example, two values both have rank 3, they occupy the 3rd and 4th
placings and so we allocate them a tied rank of 3.5. However, this is beyond the scope of
this course.

It is possible to approximate the Wilcoxon signed-rank test to a normal distribution for
large n, as shown in Key point 11.4.

DTSRRI

Given the statistic 7= min(P, N), then:

E(T) = n(n: 1)
Var(T) = n(n+ 1:2211 +1)

And for large n:

nn+1) aln+1)(2n +1)
T~N ( A
4 24
We use a continuity correction since we are approximating a discrete distribution with a continuous
distribution. Our z-value is:

T—u+05
SETEs
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WORKED EXAMPLE 11.3

In a clinical trial, the survival times, in weeks, for 19 patients with non-Hodgkin’s lymphoma are recorded.

37 54 73 89 94 110 112 123 129 132
148 151 173 189 201 204 213 276 281

Test, at the 5% significance level, whether the median differs from 150.

Answer
Hy: The population median is 150. State the hypotheses.

H,: The population median is different from 150.

Set up the table of ranks for the data.

- —113 i3 b Ignoring signs, start with the
54 —96 96 16 smallest difference and give this rank 1, the next
73 77 77 15 smallest difference is given rank 2 and so on.
89 —61 61 13
94 —56 56 12
110 —40 40 9
112 —38 38 i
123 =27 27 6
129 =21 21 4
132 —18 18 3
148 -2 2 2
151 1 1 1
173 23 23 5
189 39 39 8
201 51 51 10
204 54 54 11
213 63 63 14
276 126 126 18
281 131 131 19
-86 104 We can check
1919+ 1) n(n+1)

P+ N=86+104=190=

2 2
T = min(P, N) = 86
+1
E(T) = A +1 L : 20 _ 95 Calculate E(7) and Var(7) so we can approximate to
? 1) 1) " the normal.
Hin 1
Var(T) = =19X“DX39=617.5

24 24
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6.5-95 : - y
z= s 7; Use this statistic from T~ N(93, 617.5)
v617.5 =5
0342 and standardise 1t using z = z_,uov-l-_().z
P(Z < —0.342) = 0.3662 Since this is negative, but two-tailed, we consider only
the bottom tail.

Since 0.3662 > 0.025, we do not reject Hy.
Since this is greater than 2.5%, it is not in the critical

region.

We could instead have compared —0.342 with the Since —0.342 > —1.96, we do not reject Hy.
critical value for the two-tailed test, —1.96.

There is insufficient evidence to suggest that the
population median differs from 150.

When using tied ranks (which is beyond this course) the calculation for the variance
overestimates the variance. To compensate, we count the number of ranks that are tied,

¢, and reduce the variance by % So:

f’l(f’i + 1)(2?’1 + 1) R
24 48

Var(T) =
258

1 Assuming that a Wilcoxon signed-rank test is appropriate for the data, calculate T (the test statistic) based on
the null hypotheses stated.

67 81 94
71 88 97
72 S0 102
75 91 104
77 92 105

a Hg population median is 85.
b Hy: population median is 100.

¢ Hg: population median is 70.

2 For each sample size and significance level given, state the critical value for a Wilcoxon signed-rank test.

a n =28, 5% significance, one-tailed
b n=15, 1% significance, one-tailed
¢ n=18, 2% significance, two-tailed

d n=9, 10% significance, two-tailed
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3 State the assumptions required for the use of the Wilcoxon signed-rank test.

4 For each of the following tests, find:

+ E(T) and Var(T)
* the test statistic when approximating to the normal distribution.

Also state whether you would reject or not reject the null hypothesis.

a Hy: the population median is 142.1.

H;: the population median is less than 142.1.

5% significance level

T=175,n=30
b Hy: the population median is 40.6.

H;: the population median is not 40.6.

10% significance level

T=59,n=20
¢ Hjy: the population median is 16.3.

H;: the population median is greater than 16.3.

2.5% significance level

T=260,n=40

Q 5 A psychology student carries out a test on short-term memory. She shows 20 commonly used words to ten

18-year-old males. As soon as the 20 words have been shown, the psychologist asks the participants to write
down as many words as they can remember in five minutes. The sample of 18-year-old males can be seen as
representative of the population of 18-year-old males.

The number of words correctly remembered by the participants are:
15,7,12,14,11,10,4,13,9,2

The median number of words remembered by 65-year-old males in this test is four. Carry out a Wilcoxon
signed-rank test, at the 5% level of significance, to investigate whether the median number of words
remembered by the 18-year-old males is greater than that for the 65-year-old males.

m 6 Trials are carried out on a new tablet to help ease joint pain for people with chronic arthritis. A randomly
selected sample of eight patients who have been suffering from arthritis are given the new tablets. Each
participant measures the time it takes for the pain to stop after taking a new tablet as soon as they wake in the
morning. The times, in minutes, are:

34,44, 25, 30, 8, 27,41, 31
The average waiting time for the old type of tablet is 43 minutes after awakening.

a Carry out a Wilcoxon signed-rank test, at the 5% significance level, to investigate whether the new tablets
offer faster pain relief.

b Give a reason why the Wilcoxon signed-rank test might be preferred to a sign test.
o 7 The student council of a large school believes that the average time that the A Level students spend on

individual study has increased because students are more aware of the need to achieve high grades. In 2018,
the average time per week of the school term that students spent on individual study was 11.2 hours.
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A random sample of ten students are asked to record the amount of time on individual study for three weeks
during October 2016. The average times, in hours, per week are then calculated:

12,13.2,14.1,10.8,9.6,11.3,17.6,14.3,12.1,19.2

Test, at the 5% level of significance, whether the average amount of time spent on individual study has
increased from 2015.

0 8 Managers at a busy international airport are studying the times taken by arriving passengers to pass
immigration, collect their luggage, then pass through customs. It is known that in the past this was 50
minutes. Some changes have been made to the queuing system in the hope of reducing this time. A random
sample of 45 arriving passengers is taken and the rank sums calculated as P =55, N =410. Using a suitable
approximation, test, with a 1% significance level, whether the median waiting time has reduced.

11.4 Paired-sample sign test

We can extend the idea of the sign test to work with paired-sample data by looking for a
positive or negative difference. Nevertheless, the principles behind the sign test remain
the same.

WORKED EXAMPLE 11.4

Data are collected on the time, in seconds, it takes nine children to tie up their left shoelace and their right
shoelace.

A 42 45
B 38 36
% 51 52
D 42 39
E 31 35
F 48 49
G 61 62
H 38 39
I 44 45

Test, at the 10% level of significance, whether there is a difference in the time it takes for the children to tie each shoelace.

Answer

Hj: There is no difference in the time taken to tie Define the hypotheses.
their left and right shoelaces.

H,: There is a difference in the time taken to tie
their left and right shoelaces.
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A 42 45 -
B 38 36 +
! 51 52 -
D 42 39 +
E 31 35 -
F 48 49 -
G 61 62 -
H 38 39 -
I 44 45 -
The test statistic is 2. Let the number of + signs be the test statistic.
P(X £ 2) =°Cy(0.5)° +°C1(0.5)° + °C(0.5)° Use: X~Bin(9,0.5)
P(X <2)=0.089844 The test 1s two-tailed, but we need to consider only the
lower tail.
Since 0.089 844 > 0.05, the test statistic of 2 is not The probability will be 5%, as the test is two-tailed.
in the critical region. Therefore, there is insufficient
evidence to reject Hy. There is insufficient evidence to
say there is a difference in the times taken for children
to tie their left and right shoelaces.

1 For the following paired datasets, a paired sign test will be performed. Calculate ST.

a7 lw|l 7136|6911
21137 8|8|s5s|6] 8|12

b ] 22liz]23]19]15
17214 218]17

€ 163|162 |166 | 157 | 158 | 153
160 | 162 | 163 | 158 | 167 | 156
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2 a For the following dataset, state the value of n to be used in the paired sign test. Give a reason for your answer.

160 158
159 159
167 158
166 163
162 163
163 166
166 165
159 164
166 166
166 164
161 161
159 162
158 157
161 166

b Find the value of S* for the dataset in part a.

3 In each case, state whether you would reject or not reject Hy at the stated significance level.
H,: the population medians are equal.
H,: the population medians are not equal.
a n=29,5"=3, 10% significance level
262 b n=6,5"=1, 5% significance level

¢ n=28, 5" =1, 10% significance level

4 For the dataset in question 2a:
a state whether a normal approximation would be appropriate, giving a reason for your answer
b find E(S%) and Var(S")

¢ by assuming that a normal approximation would be appropriate, find the test statistic that would be used
in performing a hypothesis test.

0 5 A new drug to help ease bronchitis, a lung infection, is developed and needs to be inhaled using an aerosol.
Two types of aerosol (X and ¥) have been developed and the company wishes to test whether there is a
difference in the average effectiveness of the aerosols. Ten patients participate in the trial, in which the patient
breathes in before using the acrosol and afterwards. The percentage increase in air intake is measured and
recorded.

Test, at the 5% significance level, whether or not there is any difference in the average effectiveness of the aerosols.

0 6 An eye hospital treats a large number of patients who have one eye normal, and the other eye suffers from a
thinning of the cornea. Seven such patients are randomly selected and the thickness of their cornea on their
good eye and poor eye is measured, in micrometres.
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Using a sign test, at the 10% significance level, investigate whether there is any difference in the thickness of
the cornea between the two eyes.

m 7 At aresearch centre, a trial is conducted to see if a new fertiliser gives a better vield of potatoes than the
usual fertiliser. Ten plots of land are available for the trial. Each plot is spilt into two equal halves: one half is
treated with the new fertiliser, the other half with the usual fertiliser. The following table gives the yield, in kg,

per half plot.

Using a sign test, at the 5% significance level, investigate whether the new fertiliser produces an increased

average yield.

11.5 Wilcoxon matched-pairs signed-rank test

The Wilcoxon matched-pairs signed-rank test is used when we have matched pairs of
data, as for the sign test, but when we can assume that the differences in the pairs of the
data are symmetric, as shown in Key point 11.5. The process is the same as for the single-
sample Wilcoxon signed-rank test. Worked example 11.5 demonstrates how to use the
Wilcoxon matched-pairs signed-rank test.

When we have matched pairs of data of unknown distributions, but the differences between them
are thought to be symmetric, it is appropriate to use a Wilcoxon matched-pairs signed-rank test.
We Lest to see whether the paired-difference median is 0.

WORKED EXAMPLE 11.5

An investigation is carried out into the effectiveness of two types of post-operative pain relief drug: Drug I and Drug 2.
Seven adults agree to take Drug 1 on one day, and Drug 2 on the second. The time, in hours, of pain relief is recorded.
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Test, using the matched-pairs Wilcoxon signed-rank test, at the 5% significance level, whether Drug 2 gives longer
pain relief than Drug 1.

Answer
Hy: The times are the same before and after. Define the hypotheses.
H,: The times afterwards have increased. This is a one-tailed test.
— First calculate the test statistic.
4,1 3.9 0.2 7 Calculate differences and rank them, keeping track of
39 33 _01 | positive and negative differences.
ks 5 0.3 3
5.1 4.6 0.5 D
42 4.6 —0.4 4
3.8 3.2 0.6 6
3.6 43 -0.7 71

T =min(P, N) =12
And so the test statistic = 12.

e Find the critical value in the statistical tables: We are carrying out a 5% one-tailed test.

8 5 3 1 0
9 8 5 3 1
10 10 8 5 3
11 13 10 i 5

Since 12 > 3 (test statistic > critical value), there 15
insufficient evidence to reject Hy,.

There is insufficient evidence to suggest that Drug 2 gives
longer pain relief.
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1 For the following pairs of data, calculate the value of T'=min(P, N).

6.2 6.7 154 | 13.8 12.1] 13

56.) 1.3 13.1 [ 13.4 13.6( 13
57153 14 |14.1 14.2 [ 13.5
62| 6 13.8 | 14.1 153] 145
B .6 154] 15 147|145
12|13 14 |14.7 149 13

152 15

154 | 14.4

15.1 | 13.6

2 For the hypotheses, sample size and test statistic given, state whether you would reject or not reject the null
hypothesis.
a Hy: the population medians are equal.
H;: the population medians are not equal.
n=8, T'=4, significance level 5%
b Hy: the scores are the same.
H,: the scores have decreased.

n =14, T'= 20, significance level 5%
¢ Hj: the weights are the same.

H;: the weights have increased.
n=29,T=6,significance level 2%

3 For a sample size of n = 18, a Wilcoxon signed-rank test is to be carried out. Where T = min(P, N):
a Find E(T).
b Find Var(7).

¢ Given that the value of T is 59 and that a normal approximation is appropriate, calculate the test statistic
to be used.

d For the given hypotheses, state whether at 5% you would reject or not reject the null hypothesis.
Hy: the population medians are equal.
H;: the population medians are not equal.

0 4 Percentage marks are obtained for a random sample of eight A Level students for their AS & A Level
examinations in Statistics and in Mechanics. The following table shows their results.
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58 52
59 60
71 79

a Test, at the 10% significance level, whether there is a difference in the students’ scores in Mechanics and
Statistics.

b State any assumptions you have made.

0 5 The manufacturer of a brand of smartphone wishes to know what its customers think about the performance of
the phone before and after introducing a new processor. The manufacturer selects, at random, ten customers.
Each customer is given a phone without the new processor and a phone with the new processor. Each customer
is then asked to rate ‘on a scale of 1-20” the performance of each smartphone (20 being the best).

Test, at the 5% significance level, whether customers think that the phone with the new processor is better.

0 6 A particular type of tree can develop a virus that creates black spots on the leaves. The more spots, the
more the virus has infected the tree. Two different virus treatments have been developed: treatment X and
treatment Y. A sample of eight leaves is chosen. Each leaf is divided into two equal sections without removing
266 it from the tree. On one half, treatment X is used and on the other, treatment ¥. The number of black spots
on each half is given in the table.

Test, at the 5% significance level, whether there is a difference between the two treatments.

@ 7 It is believed that identical twins have similar IQ levels. Thirty pairs of identical twins participate in an IQ test
and their results are recorded. There are no tied or zero ranks. The sum of positive ranks is 272, and the sum
of negative ranks is 193.

a Find E(7).
b Find Var(T).

¢ Using a suitable approximation, test, at the 5% significance level, whether there is a difference between the
1Q scores of a set of identical twins.

11.6 Wilcoxon rank-sum test

The Wilcoxon matched-pairs signed-rank test requires data to be paired, and groups of
data must be of equal size. What if we have two independent groups of different sizes and
we want to test for a difference in their medians? To do this, we perform the Wilcoxon
rank-sum test to see whether the data are from the same distribution. This test is very
similar in design to the independent f-test.
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To perform the Wilcoxon rank-sum test, we rank the data first, as if it were from one
population. We then sum the ranks for each group separately. These sums are the test statistics.

The calculation of the Wilcoxon rank-sum test statistic is quite tricky. We have two samples,
one of size m and the other of size n, and we let m < n. Let R,, be the sum of the ranks from
the group of size m. We have not defined which way we should rank the data.

Let R, be the ranking given, then m(n + m + 1) — R,, will create the rank sum of the
smaller sample when ranked the opposite way round, explained as follows.

There are n +m data points in total. If a data point is the ath value when ranked one way
and the bth value when ranked the other, then the sum of these two ranks will be n + m + 1.

We have m data points in the smaller sample, so the sum of all of these sums of ranks
is m(n + m + 1). To find the rank sum when they are ranked the other way round, we
use m(n+m+1)— R,

To avoid having to think too carefully about the ranking order, we define the test statistic
as W= min(R,, m(n+m+ 1) — R,,), as shown in Key point 11.6.

We can find the critical values from the data tables given.

If two samples have sizes m and n, where m < n, R, is the sum of the ranks of the items in the
sample of size m, the test statistic is:

W=min(R,,m(n+m+1)—R,)
WORKED EXAMPLE 11.6

Researchers are investigating the effect of vitamin B12 on the size of the brain. A sample of males aged between
25 and 40 years is selected. Nine of them are known to have low B12 levels and seven are known to have high B12
levels. After a brain scan, the ratio of brain volume to skull capacity is recorded.

0.795 0.798 0.802 0.805 0.806 0.807 0.808 0.81 0.812
0.786 0.789 0.792 0.796 0.799 0.8 0.803

Carry out a Wilcoxon rank-sum test, at the 5% significance level, to see whether the level of vitamin B12 affects
the size of the brain.

Answer

Hy: level of B12 has no effect on brain size. We can also state Hy as the samples are from the same

-_ population.
H,: level of B12 has an effect on brain size.
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First, rank the whole dataset. Note which group each

0.812 : : value comes from. Then add up the ranks for each
category.
0.810 2 2 _ ;
Use the value of sums of the group with the smaller
0.808 3 4 sample size.
0.807 4 4 : : , .
The following table shows what we would get if we
0.806 5 5 ranked them the other way round.
0.803 7 7 0.812 16 16
0.802 8 8 0.810 15 15
0.800 9 9 el L L
. 0.807 13 13
0.799 10 10 0.806 12 12
0.798 11 11 0.805 11 11
0.796 12 12 0.803 10 10
0.795 13 13 Da02 2 2
0.792 14 14 e : s
i 0.799 7 7
0.789 15 15 0.798 6 6
0.786 16 16 0.796 S 5
0.792 3 3
0.789 2 2
0.786 i 1
R, =83 since this is the rank sum from the smaller- Calculate the test statistic.

11

sized sample.

mn+m+1)—-R,=79+7+1)-83=36

The test statistic is the minimum of 83 and 36, which
15; =36,

Find the critical value.

n m=7

7 39 36 34

8 41 38 35

9 43 37
10 45 42 39

Since 36 < 40, there is sufficient evidence to reject Hy,.

There is evidence to suggest that level of vitamin B12
affects brain size.
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For large n and m (n > 10, m 2 10) it is possible to approximate # as a normal
distribution, W= min (R,,, m(n + m + 1) — R,,) as shown in Key point 11.7.

For large n and m (n > 10, m = 10) it is possible to approximate I as a normal distribution:

m(n+m+1)

E(W) =
( 2
ma(n+m+ 1
Var(W) = —"~—--—~)
12

We must also make sure that we use a continuity correction. Since we are approximating a discrete

: s ) W—=u+05
distribution with a continuous distribution, our z-valueis z = —i—.

WORKED EXAMPLE 11.7

o DID YOU KNOW?

There is another test
that is statistically
equivalent to the
Wilcoxon rank-sum
test. This is the
Mann—Whitney U-test.
The only difference is
the measure of the test
statistic, and hence the
table of critical values,
but it is equivalent.
You may come across
Mann—Whitney U-test
in the Social Sciences.

A company is investigating a new production technique to improve the quality of camera lenses for a phone.
Samples of the lenses are given to a camera expert who is asked to rank the lenses, with rank 1 being the highest
quality. The expert does not know which production technique has been used.

difference in the quality of production techniques.

Answer

Hy: There is no difference in the quality of the Define the hypotheses.

two samples.

Hi: There is a difference in the quality of the two samples.

m=11 (new)

n =13 (old)
tm+1) 1105
0 T 2m 3 (2 ) 1375 Find E(X) and Var(X).
+m+1 11.% 13(25
T P it 2 _ 5971l

12 12 12

Using a suitable approximation as shown in Key point 11.7, test, at the 5% significance level, whether there is a

Since we are approximating, we need to know only
the sizes of the two samples and the rank sum.




Cambridge International AS & A Level Further Mathematics: Further Probability & Statistics

R,=1+2+5+6+17+144+13+114+16+83+7 The test statistic 1s the minimum of R,, and
R, =100 mn+m+1)— R,

mn+m+1)— R, =175

And so W=min(R,,m(n+m+ 1) - R,,) = 100.

_100.5-137.5 _

i =Tt = _2.144 Find the z-test statistic, remembering to make the
11 continuity correction.
297 —
12
P(Z < -2.144) =1 -0.984 = 0.0160 Since we have a two-tailed test, compare the

! o . probability with the critical value for 2.5%.
Since 0.0160 < 0.025, the test statistic is in the critical

region and so we have sufficient evidence to reject Hy,.

We could have compared —2.144 with the critical value for
the two-tailed test, —1.96.

Since —2.144 < —1.96, the test statistic is in the critical
region and so we have sufficient evidence to reject Hy.
There is a difference in quality between samples of
camera lenses made by different production techniques.

270 EXPLORE 11.1

We are given a table of critical values for all of the tests that we carry out. Sometimes
it is not clear where these values come from. In this activity, we shall find some of the
critical values of the Wilcoxon rank-sum test.

Let us consider the situation where we have sample sizes m =4 and n = 6. Here we
have ten ranks, four of which must be assigned to the sample of size four.

The first case is the rankings {1, 2, 3, 4}, with the rank sum of 10.
The second case is a rank sum of 11, created with the rankings {1, 2, 3, 5}.
1 Find the sets of ranks that give a rank sum of:
a 12 b 13 [three sets]
c 14 [five sets] d 15 [six sets]
2 How many possible sets of four ranks are there from ten?

3 Copy and complete the following table.

P(rank sum = 10) — 0.004762
210
P(rank sum < 11) % 0.009524

P(rank sum < 12)

P(rank sum < 13)

P(rank sum < 14)

P(rank sum < 15)
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The critical value, ¢, of a 5% one-tailed test is the greatest value of ¢ that satisfies
P(X < ¢) < 0.05.

From the work shown, we can see that thisis ¢ = 13.

And so we conclude that for m =4,n =6 the critical value for a one-tailed test at the
5% significance level is 13.

This is reflected in the critical value table.

3 6 - -

4 6 = = 11 10 -
5 7 6 - 12 11 10
6 8 7 = 13 12 11

We can now also confirm that the critical values for tests at the 2.5% and 1%
significance levels are correct.

Use the internet to research the Kruskal-Wallis test for non-parametric data. We can
use the Kruskal-Wallis test to compare three or more samples.

1 For each of the following datasets, calculate the values of:

i mn+m+1)—R,,

i W
H 17.3]19.8 21.5(22.0 1142 | 115.8
44 |39 19.7] 18.1 21.6| 22.9 116.1 | 115.1
49 | 4.1 19.4] 19.2 21.8|22.6 1154 [ 116.0
46 |42 18.3] 18.6 22.4| 22,5 116.8 | 117.1
52 |47 18.7) 18.4 23.0( 22.8 116.2 [ 117.2
45 |43 18.9] 18.0 22.1
5.3 19.1| 18.5 23.1
17.6 22.7
17.8
17.7
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2 For the corresponding dataset in question la—d, state the critical value for the following significance levels.
a Significance level 5% one-tailed b Significance level 10% two-tailed

¢ Significance level 5% two-tailed d Significance level 1% one-tailed

3 For the following dataset sizes, find E(R,,) and Var(R,,).
a n=12,m=9 b n=13 m=12 c n=9m=38 d n=15m=13

4 a For the following dataset sizes and W values, find the test statistic if a normal approximation is used.
n=18,m=12; W= 146

b These hypotheses are given:
Hp: Population medians are equal.
H;: Population medians are not equal.
Testing at 10%, state whether you would reject or not reject the null hypothesis.

0 5 It is believed that the calorie content of a chicken sausage is different to that of a vegetarian sausage. The
calorie contents of eight vegetarian sausages and seven chicken sausages are measured and tabulated.

186 181 176 135 184 190 111 132

129 137 102 106 94 142 149

Using a Wilcoxon rank-sum test, investigate this claim with a 5% significance level.

0 6 Plants of the same species grow on opposite sides of a river. It is thought that plants on the north side grow
taller than those on the south side. Eight randomly selected plants are chosen from each side of the river,
removed and their lengths measured to the nearest cm. By using a Wilcoxon rank-sum test, investigate this
claim with a 5% significance level.

23 21 20 28 27 19 24 25
18 15 22 14 16 22 17 26

0 7 A supermarket manager wishes to investigate the quality of plums. Plums can be delivered from source to the
supermarket either chilled (below 5°C) or at a constant temperature of 12°C. The amount of time (in days)
it takes for the plums to become soft and therefore overripe is measured and ranked. The highest rank is the
quickest to become overripe.

3 3 9 4 11 10
2 7 1 5 6

Carry out an appropriate non-parametric test, at the 5% level of significance, to investigate whether the
chilled plums take longer to become overripe.



Chapter 11: Non-parametric tests

0 8 Mr Sum wishes to investigate whether a student’s test score depends on whether the test is taken in the
morning or in the afternoon. He selects a random sample of 35 students of similar ability, and randomly
assigns some of them to take the test in the morning and the rest to take the test in the afternoon. The
students taking the test in the morning are kept away from the students taking the test in the afternoon. The
ordered scores are given in the following table (M for morning sitting, A for afternoon sitting).

M 31 M 64
M 32 A 65
M 38 A 66
M 39 M 67
A 41 A 68
A 43 A 69
M 44 M 70
A 47 A 72
M 48 A 73
A 49 A 75
M 51 A 76
A 56 A 78
M 57 M 81
A 58 A 82
M 59 A 85
M 60 A 86
M 62 A 88
A 63

Using a suitable approximation, test, at a 2% level of significance, whether exam performance is affected by
the session in which a student takes the examination.

WORKED EXAM-STYLE QUESTION

The following table shows the systolic blood pressure (mm Hg) of a random sample of eight students before and
after a six-week training period.

1 2 3 4 5 6 7 8
130 170 125 170 130 130 145 160
120 163 120 135 143 136 144 120

a Stating clearly your hypotheses, test, using the Wilcoxon signed-rank test, whether or not there is evidence
that the training has reduced blood pressure. Use a 5% level of significance.

At a later date a random sample of 30 students undertake a six-week training period. Analysis of their results
using the Wilcoxon signed-rank test gives 7= 132.

b Stating clearly your hypotheses and using a 5% level of significance, test whether or not there is evidence
that the training has reduced blood pressure.
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Answer

a H,: Population median blood pressure is unchanged.

H,: Population median blood pressure has decreased.

P=27,N=9

T=min(P,N)=9
Critical value is 5.

Since 9 > 5, do not reject Hy.

There is no evidence to suggest that the median blood
pressure has decreased.

b Hy: Population median blood pressure is unchanged.
H,: Population median blood pressure has decreased.

nn+1)
EB(T)= N B = 232.5

- an+ 1)(2n+1)
- 24

Var(X) = 2363.75

_ T—u+0.5
Test statistic=z = —————

_ 1822325403
2363.75

=-2.06

Critical value = —1.645

Since —2.06 < —1.645, reject Hy,.

The population median blood pressure has decreased.

Define the hypotheses.

Calculate the sums of positive ranks, P, the
sums of negative ranks, &, and the test
statistic, 7.

The test 1s one-tailed.
Compare the test statistic with the critical value.

Conclude in context.

Define the hypotheses.

Calculate E(T) and Var(7T). We can
approximate to the normal distribution
asnis large.

Calculate the test statistic. remembering
continuity corrections.

Find the critical value.
Compare the test statistic with the critical value.

Conclude 1n context.
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Checklist of learning and understanding

Single-sample sign test:

® Given n data points, a sign test is created using X'~ Bin(n, 0.5). The test statistic can be the
number of + signs, that is the number of data points greater than the median. We can calculate
the probability that X is above this test statistic, below this test statistic, or either in the case of a
two-tailed test.

Wilcoxon signed-rank test:
® A Wilcoxon signed-rank test can be performed when:
o the underlying data are symmetric
e ihe underlying data are continuous.
Where:
e Pisthe sum of the ranks corresponding to the positive differences from the stated median
e Nis the sum of the ranks corresponding to the negative differences from the stated median

e T=min(P, N) is the test statistic.

: . : nln+1)
Given the statistic 7= min(P, N), then E(T)= , Var(T) =

nn+1) n(n+1)2n+ 1)
7 i 24

n(n+1)(2n+1)
24 i

) allowing for an approximate z-test to be done

For large n: T~ N(

Ty 405

using z = =

Wilcoxon matched-pairs signed-rank test:

® A Wilcoxen matched-pairs signed-rank test can be performed when:
e the difference between matched-pairs is symmetric
o the difference between matched-pairs is continuous.

Where:
P is the sum of the ranks corresponding to the positive differences between the matched
pairs
N is the sum of ranks corresponding to the negative differences between the matched pairs

T'=min(P, N) is the test statistic.

. s : n(n+1)
Given the statistic T'=min(P, N), then E(T) = 3 and Var(7T) =

nn+1) nln+ 1)2n+1
For large n. T~N( ( 7 ), ( ;2 )

n(n+1)(2n + 1)
L o

) . allowing for an approximate z-test with

T—p+05

4 ——

o
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Wilcoxon rank-sum test:

® A Wilcoxon rank-sum test can be performed when the two samples are independent, where:
e the two samples have sizes m and », where m < n
e R, is the sum of the ranks of the items in the sample of size m
o the test statisticis W =min(R,, m(n +m+ 1) — R,).

mln +m+ 1) o mnln+m+1
® Given the test statistic W, then E(W) = —(—Z—ﬁ and Var(W)= +3—2

For large nand m (n 2 10, m = 10) it is possible to approximate W as a normal distribution:

2 ’ 12

W—p+05
==

i m(n+m+1) ma(n+m+1) s . .
e W~N|[—— ——~—-) allowing for an approximate z-test with
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END-OF-CHAPTER REVIEW EXERCISE 11

0 1 The dining room in a school is some distance away from the building that has all of the classrooms in it. The
school believes that students take longer walking back from the dining room after lunch than they do walking
there. The school records the time taken (in seconds) by ten randomly chosen students to walk to the dining
room and ten students to walk back to the main school. The recorded times are presented in the following

tables.
62 58 69 84 45
96 116 89 51 75
67 85 68 100 49
121 139 87 54 88

Using these data, state which non-parametric test would be most appropriate. Give a reason for your

a i
choice and any assumptions you need to make.
i Carry out a test of the school’s belief at the 5% significance level.
b Later on, the school discovers that the person who collected the data has used the same ten students and has

recorded them in the same order.
i Which test is now most appropriate to use? Give a reason for your answer.

i Using this new information, carry out a test of the school’s belief at the 5% significance level.

The blood cholesterol levels of 30 males and 20 females are measured. These data are shown in the following table.

Using a suitable approximation, test, at the 5% significance level, whether the blood cholesterol levels of females

621 550 104 303 384
1080 1061 771 206 1203
810 259 610 770 382
829 385 479 1301 551
92 723 105 478 417
1081 383 205 207 258
208 482 94 194 370
973 683 72 50 162
149 215 304 127 233
189 529 191 974 710

and males differ. Is the assumption that the dataset is symmetric justified?




Cambridge International AS & A Level Further Mathematics: Further Probability & Statistics

{ﬂ) 3 An investigation is conducted into the pollution levels in a major city. The number of 2.5 mm particles can be
measured using the Air Quality Index (AQI). The World Health Organization recommends that an AQI of 50
or below will not have a significant effect on health. The AQI is measured for 14 consecutive days. The data
are shown in the following table.

45 132 87 103 67 46 90
78 54 79 g1 44 65 82

a Explain why the following tests cannot be carried out:
i af-test

i asingle-sample Wilcoxon signed-rank test.

b Carry out an appropriate test, at the 5% significance level, to establish whether there is evidence that the AQI
is above 50 in the city.

278



In this chapter you will learn how to:

understand the concept of a probability generating function (PGF)
construct and use the PGF for given distributions, including;

discrete uniform distribution

binomial distribution

geometric distribution

Poisson distribution
use formulae for the mean (E(.Y)) and variance (Var(X)) of a discrete random variable
in terms of its PGF, and use these formulae to calculate the mean and variance of a given
probability distribution
use the result that the PGF of the sum of independent random variables is the product of the
PGFs of those random variables (the convolution theorem)

find the probability generating function of a linear transformation of random variables

generalise to three or more random variables.
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PREREQUISITE KNOWLEDGE

Where it comes from | What you should be able to do | Check your skills
— — — —_——— 7!74; - —_— e ————— = —— - ._-——E,—._._ — W— — —_—d
AS & A Level Mathematics ' You should be familiar with ' 1 Find E(X) and Var(X) of
Probability & Statistics 1, | the binomial distribution, . X~Bin(8,04).
Chapters 7 & 8 | the Poisson distribution, and the | 3 Find E(x) and Var(X) of
AS & A Level Mathematics EEOpId Pt | X~Po(2).
Probability & Statistics 2, | 3 Find E(X) and Var(X) of
Chapters 2 & 4 } . X~Geo(0.3).
AS & A Level Mathematics Pure ‘ Find the sum of a geometric series. = 4 Find the sum to the nth term of
Mathematics I, Chapters 6 & 21 | Use some aspects of Maclaurin 1 1 2 i 13
| expansions. 3 M 3 3 "
i | 5 Find the Maclaurin expansion
| of — > uptoand including
(3 - 2¢)
the £* term.

Redefining probability distributions

The discrete uniform distribution is a distribution where each discrete value has the same
probability of occurring. For instance, when rolling a fair die, the probability of each

.1
outcome 18 6

1 2 3 4 5 6
1 1 1 i 1 1
6 6 6 6 6 6
Generally:
L X=X
P(sz): n — s 2,...,.?6”
0 otherwise

In this chapter, we shall study a different way of describing a probability distribution.

We focus on finding the probability generating functions (PGFs) of discrete probability
distributions. This gives an elegant and efficient way of finding expected values and
variances. A PGF gives a concise form for a probability distribution and allows much
greater analysis. By recognising the expansions of functions, PGFs enable us to describe
the structure of infinite discrete distributions, such as the Poisson distribution and
geometric distribution. We can therefore use PGFs to find the probabilities when the value
of the discrete random variable is very large indeed.

12.1 The probability generating function

Let X represent a discrete random variable, with values x;:

X X1 X2 X3 X
P(X=x) P(X=x) P(X = xy) P(X = x;) P(X = x,)
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We can create a function Gy(7) using this table:

Gy()=P(X=x )" +P(X=x)t2+P(X=x3 )t + ... + P(X = x,,)t*
This function is called the probability generating function (PGF). It can be written as a
single summation:

Gx(0)= D, "P(X =x)

This is called the closed form of the probability generating function. Notice that the
expression for Gy () is the same as that for the expectation function, E(¢¥), and so
Gy(D) = Z £P(X = x) = E(tX), as shown in Key point 12.1.

X

Gi(f)= ) #"P(X=x) = E(")

The variable ¢ is called a dummy variable in this case, and has no significance itself, but ¢ does
have an important role in finding the expectation of X and higher moments of expectation.

WORKED EXAMPLE 12.1

Consider the following probability distribution.

0 1 2 3 4 5 6
0.1 0.2 0.3 0.15 0.1 0.1 0.05

Write down the PGF for the random variable X.

Answer
Apply the general form for the PGF. Sometimes it 1 useful to do this in table form

Gl0) = Z:'P(X—,\ ) B
G,()= Olr +0.27' + 037 +0.15F + 0.14 + 0.12 + 0.05/°

In Worked example 12.1, the values of the random variable occur in a sequence. This does
not have to be the case, as Worked example 12.2 shows.

WORKED EXAMPLE 12.2

Consider the following probability distribution.

4 5 10
0.2 0.3 0.4

Write down the PGF for the random variable X

Answer
Apply the general form for the PGF. Notice that there does not need to be any
Gy(f) = Z i PX=%) specific pattern in the values that the random

variable can take.
Gx() =0. 1;2 +0.2¢* + 0.3 + 0.411¢
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At a trivial level, you can think of a PGF as a different way of presenting the information
given by a probability distribution table. As you will discover throughout this chapter,
PGFs allow us to calculate much more.

You may have noticed in Worked examples 12.1 and 12.2 that the probabilities are just the
coefficients of each of the terms in 7. The sum of these probabilities is 1.

We can see this by evaluating the probability generating function when = I:
Gy()= ) 1"P(X=x)= ), P(X=x)=1
G,(1)=1 )

Something that is a little harder to spot is that if we differentiate the probability generating
function with respect to ¢, we will multiply each term by the value x;:

GL()= Z x(1)IP(X = x,)

And then evaluating at ¢ =1 gives: m

X From your work on
Gy(1) = D, x(1)"'P(X = x) = E(X)

series in AS & A Level
Pure Mathematics 1 _
Chapter 6, you may [
have observed thatif |
there is a pattern in

the PGF, it may be

G4(1) = E(X) ' possible to express it as

So G4(1) = EB(X), as shown in Key point 12.2.

a function rather than

| a summation. This can

You may notice that if all of the values of x are non-negative integer values, then Gy(z) lead to an efficient way
forms a polynomial in z. This may be finite or infinite, depending on the context. of finding E(XY).

WORKED EXAMPLE 12.3

Let X be a discrete random variable, as shown in the
probability distribution given by:

=
I 2 3 4 5 »I' FAST FORWARD
i 0.2 02 0.2 0.2 In the work on

Maclaurin expansions

Find the probability generating function for X. in Chapter 21 Section
21.4, you should see
Answer that if there is a pattern
in the PGF, it may be
The PGF is: Use the definition of G(z). possible to express it
as a function rather
X than a summation.
Gylr)= Z FRX=x) This is an efficient way

G, (=021 +027 +020 + 02 + 027 of finding F(X) 2nd
‘ higher moments of

3 4 .
=026(1+ 140+ +1) Factorise. expectiion,
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1-7 Notice that this expression is the sum of
1—¢ the first five terms of a geometric series
with first term 1 and common ratio 7.

(I+t+2+2+)=55=

0.2¢(1 - )
Gy(t)=——— So we can use the formula
B a(l - 1)
Notice that the distribution from the Sp=——— ftomabdia Level Purs
table is a uniform distribution. Mathematics 1.

Discrete uniform distribution

i=1 n

3 ren

1
Let X be a discrete random variable with P(X = x)) = {n
0 otherwise.

i1 — 1"

———, as shown in Key point 12.3.
n(l - 1)

Then Gx(f) =

For a uniform distribution:

H1—1¢")

Gy(n) = o

WORKED EXAMPLE 12.4

Let X~ Bin(5, 0.2). Find the probability generating function for X
Answer
As a reminder, the probability distribution would be: Use the binomial formula from AS & A Level
_ Probability & Statistics 1:
n X =X
0 0.8° P(X=x)= (x)p q
1 5%0.8*x02
2 10 x 0.8% % 0.2°
3 10 % 0.8% % 0.23
4 5% 0.8 x0.24
& 0:2°
The PGF is:
G, ()= Y FP(X=x)
G,(1) = 0.8"+5x 0.8 x0.2¢ + 10 x 0.8° x 0.2% This 1s a binomial expansion and can be
+10x 0.8 x 0277 + 5% 038" x0.2%* +0.2°7 factorised.
= (0.8 + 0.20)°
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Binomial distribution
Let X ~Bin(n, p). Then Gy () = (g + pt)", as shown in Key point 12.4.

@ KEY POINT 12.4

For the binomial distribution:

WORKED EXAMPLE 12.5

Let X~ Geo (é) . Find the probability generating function for X

Gy()=(+p)”

Answer

Using the geometric formula from AS & A
Level Probability & Statistics 1:

[ o ol PO o | rac=9= (47 (1)

As a reminder, the probability distribution would be:

5 5

f* 56

The PGF is:
Gy(t)= D ("P(X = x)

Gy (1) :ém« (2) (é)r%t (%)2 (—é—)ﬁ + .

This 1s the sum of a geometric series to
a

" 4t 41\2 infinity. So we can use the formula S, =
()]

from AS & A Level Pure Mathematics 1.

This gives us a generalised form, but we need
to simplify it.
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Geometric distribution

¢
Let X~ Geo(p). Then Gy(f) = 1 3

o as shown in Key point 12.5.

For a geometric distribution:

2 pl
Gy (1) = e

Poisson distribution
Let X~Po(2). Then Gy(¢) =¢* =1, as shown in Key point 12.6.

For a Poisson distribution:

Gylr) = ez(!—l)

PROOF 12.1
ey

The following table shows the probability distribution table for X ~ Po(4), using P(X = x) = )
x!

0 gt
-
1 Ae
1!
5 /126—/1
2!
ok
3 e
3!
And so the PGF is:
ie® ek, Pt
) 3
Gy()=e*+ TRk £+ T
(n? ()’
—
=g (1 + At + 5 + 3 + )
From Chapter 21, we have the following Maclaurin expansion.
3 % i
%= | +)C+5+*3T+...

Therefore, the PGF becomes:

Gy (1) = e74(e)
. eA(tk 1)

as required.
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1 For each of the following distributions, write down the probability generating function, G (0.

a X~Bin(20,0.3) b X~ Bin(10,0.25) ¢ X~Bin(50,0.04)

2 For each of the following distributions, write down the probability generating function, G (1),

a X~Po(4) b X~Po(2.3) ¢ X~Po(12)

3 For each of the following distributions, write down the probability generating function, Gx(¢).

a X~Geo(0.1) b X~Geo(0.7) ¢ X~Geo(04)

4 Find the probability generating function for:

1 2 3 4 5 6 7
1 L i 1 ’ s 1 1
4 8 4 16 16 8 8

5 Find the probability generating function for:

2 4 6 8 10
I 1 3 1 ]
16 4 8 4 16

AN Write your answer in the form ar®(1 + £2)".

6 Find the probability distribution for the following probability generating function.

3
Gepllt) = %(z 428

7 Find the probability distribution for the following probability generating function.

Gyl0) = (‘5‘ + ;)7

8 A distribution has a probability generating function of:

cyc):g(ééi)

a Find the probabilities for when x=0,1,2, 3.
b Find a general formula for P(X =k), k> 1.
o 9 Independent trials, each with the probability of ‘success’ p, are carried out. The random variable X counts the

number of trials up to and including that on which the first success is obtained. Write down an expression for
P(X =x) for x=1,2,.... Show that the probability generating function of X is Gy (1) = pt(1 — qt)™".

10 Consider the probability generating function Gy(z) = (S—k? Find the value of £.
-2t
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12.2 Mean (E(X)) and variance (Var(X)) using the probability
generating function

In this section, we shall find the mean and variance using the PGF of a discrete random
variable. We shall discover why expressing the probabilities in a functional way using a
polynomial is a very powerful tool.

Here are a few important results that we shall use;

E(X)= ) xP(X=x)

E(X*)= ) XP(X = x)
vx
Var(X) = E(X?) - [B(X)P?
These lead to the following results. First, as shown in Section 12.1, Key point 12.2;
E(X)=Gx(1)

Differentiating Gy (1) twice:

Gy(9) = 2 fP(X = x)
Gy(1) = ) x'P(X = x)

Gy(9) = ), x(x— 1)F"*P(X = x)

Evaluating at = 1:

G4(1) = D x(x — DP(X = x)
Gx(1) = X (" = 9P(X =)

Gy(1) = ) ¥P(X=x) - ) xP(X=x)
G4(1) = B(X") - E(X)
E(X*) = G4(1) + Gy (1)

Therefore:
Var(X) = E(X?) — [E(X)]
Var(X) = G4(1) + G4 (1) — [Gx(1)]?

as shown in Key point 12.7.

D) KEY POINT 12.7

Var(X) = Gy (1) + Gi(1) - [G(DP
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WORKED EXAMPLE 12.6

A bag contains five red balls and three green balls. The balls are taken out one at a time, the colour is noted, and
then it is replaced. Let X be the number of times a ball is removed until a green ball is chosen.

a State the PGF of X. b Calculate the mean and variance of X.

Answer

a In this question, we can see that the outcomes
follow a geometric distribution:

¥~ Ceo (3 Always define a random variable before
8 T 3 5
using it. Here, p== and ¢=".
8 8
Its PGF i1s:
G ( ) ]?F
) =
. 1 — gt
()
= |1
B 8
" (5)I Simplify.
oy B We will need to differentiate this twice in
= = part b.
g — 5t
288 3(8 — 51) — 31(-5) . :
b Gi(r)= e The quotient rule is needed here.
(8 — 51)°
— 24 -
(8 — 5¢)
=24(8 — 51)2
G4 (r) =24 x =5 x =2(8 — 51)7 Find the second derivative.
- 240 Use the chain rule.
(B Sy
24 2
Gg'(l):gzzg Evaluateat t=1.
240 8
C”- 1 = = 85—
55 (1) =
2
E(X)y=G5%(1) = 25 Use the standard results.
Var(X) = G4 (1) + G(1) - [Gx (D)
g0 8 64
= — 4 —— —
9 3 9
4
9 9

Generally, the previous results offer only a different way of calculating the mean and
variance. Worked examples 12.7 and 12.8 demonstrate some properties of distributions
using the probability generating functions.
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WORKED EXAMPLE 12.7

Prove that for X~ Po(1):
a E(X)=4 b Var(X) =24
Answer

a Gy(t) = Consider the PGF of the Poisson distribution.

Gy(f) = 2e4-1) Differentiate.
Gy(1) =e*0-D Let =1,
Gi(1) =4

E(X) =4 As required.

b Gi(f)=ae=D Consider G%(2).
G%(t) = A2et-1) Differentiate again.
Gy(1)=22 el =l
Var(X) = G5(1) + G (1) = [GE (1] Use the given identity.
Varl X)) = 44 42
Var(X) =1 As required.

We shall use the properties of the mean and variance to calculate unknown probabilities
using the PGF, as in Worked example 12.8.

WORKED EXAMPLE 12.8

A discrete random variable has the following probability distribution.

0 1 2

a b ¢

The mean is % and the variance is g Find a, b and ¢.

Answer

First, express this using the PGF; Gy(t) = Z "P(X = x,)

Gy(t) =a + bt + ct? x

Gyl(t)=b+2ct Differentiate twice to find the expectation and
G5(t) = 2c variance.

Gy()=a+b+c

Gy(1)=b+2¢ Evaluate at 1= 1.

Gi(l)=2¢c
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l=a+b+c¢ (1) Gy()=1
.
g =b+2c (2) E(X)=Gy(l)

2 2
S=2e+i-2 Var(X) = G§(1) + Gy (1) - [G¥ (1)
% e 3)

1

Fr ) ==
rom (3): ¢ ;
From (2): b = %
1

Fr 1) = =
rom (1): a 5

We can use the derivatives of G (1) to help us find P(X =r) of probability generating
functions. We use the idea that the expansion of a function of this type coincides with its
Maclaurin expansion.

f

Consider Gy(t) =
sider Gy(?) 57

2 3 4
This can be expanded binomially to give % + f kg LY

4 & 16
E The probabilities for each r can be seen here clearly, but what if the expansion is not a
known one?

We can consider the Maclaurin expansion of any function as:
G40  Gx(0)F
+ + i
2! 3!
And so the probabilities could also be calculated using:
G¥(0)
¥l

Gy(t) = Gx(0) + Gi(0)r +

P(X=r)=
where GY(7) is the rth derivative of G y(2).

1 For the following probability generating function:
2
Gy = %(1 + 20432420+ 1)
a Find Gy(1). b Find G%(1). ¢ Find E(X). d Find Var(X).

2 TFor the following probability generating function:

Gy(1) :T%(I + 41+ 62 + 48 + 1Y)
a Find G(1). b Find G4(1). ¢ Find E(X). d Find Var(X).

3 Find E(X) and Var(X) of the following probability generating function.

4
Gy(f) = ;—0(3 +5t+ 24 1)
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4 Find E(X) and Var(X) of the following probability generating function.

9

Gx(9) = m

5 Ina game, the probability that player A wins on her rth go can be described as a discrete random variable X .
with probability function P(X = r) = 2l for r=1,2,3, ...
a Find the probability generating function.
b Find E(X) and Var(X).

6 Find E(X) and Var(X) of the following probability generating function,

P
Gy(t)= Ty

where g =1 — p.
7 Find E(X) and Var(X) of the following probability generating function.

_ t+2
Gxlt) = Q-2 -1)

0 8 A regular octagonal spinner is made up of eight isosceles triangles. Two of the triangles have a score of 2,
three triangles have a score of ‘e’ and three triangles have a score of ‘b’, where a < b. The expectation and
variance of the spinner are given by:

E(X) = 4.25

5
Var(X) = =2
ar(X) i

a Find an expression for Gy(), G¢ () and G%(1).
b Hence, find the values of ¢ and &.
? All the examples covered so far have involved discrete random variables where each value of the random variable

has a probability associated with it. This means we can set up the probability generating function easily and
calculate the mean and variance from this.

This is not possible to do if the random variable is continuous. To calculate the mean and variance for a
continuous random variable we use the moment generating function. This technique also works for a discrete

random variable.

My(0) = Z egxP(X =x) For a discrete random variable, X
M, (6) = [eﬂxf (x)dx For a continuous random variable, X, with a
probability density function f(x).

The following results come from the moment generating function.
E(X) = M'(0)
E(X") = M'(0)
Var(X) = M"(0) - [M'(0))

! This is beyond the Further Mathematics course.
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12.3 The sum of independent random variables

In AS & A Level Probability & Statistics 2, Chapter 3, you learned that, if there are

two independent variables of the same distribution (for example the normat),

X ~N(uy,0}) and ¥ ~N(uy, 63), we can create the distribution of X'+ Y. This will be

X + Y~N(u; + 2, 06 + 63). The same is true for the Poisson distribution. We need to
have some method for finding the PGF of X + Y for any pairing of independent random
variables X and Y. We will consider discrete random variables in this case.

Consider the following two distributions as an example. In Section 12.4, we will extend this
idea to three or more random variables.

Let X have the following probability distribution.

0 1 2
Fo P1 P2

Let ¥ have the following probability distribution.

0 1 2
40 q1 2

Then the distribution of X + ¥ is:

P(X=0nY=0)

292
1 P(X=0nY=1)+P(X=1nY=0)

2 P(X=0nY=2)+P(X=1nY=1)+P(X=2nY=0)

3 P(X=1nY=2)+P(X=2nY=1)

4 P(X=2nY¥Y=2)

If X and Y are independent, then P(X = x;nY =y;) = P(X = x;) x P(Y =) = pg;.

The previous table now becomes:

Poto

0

1 P1go + Podi

2 | pao+ g1+ Podz
3 P21+ D1ga

4 | pa

Now consider the PGF of X + Y-
Gy, v () = pogo + (2190 + Poq )t + (P20 + P11 + pod2) + (pagy + Pra)t + pagat’
This can be rewritten as:
Gyry () = (po+ it + p2P)go + @1t + a°)
And we notice that these are the PGFs of X and of ¥

Gy () = Gul(t) x Gy(2)
This is called the convolution theorem.
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The convolution theorem

Let X and Y be two independent discrete random variables with PGFs Gy () and Gy (2).
The probability generating function of X + Y is given as Gy, y (1) = Gy (£) x Gy (1), as
shown in Key point 12.8.

Gy (1) =Gy () x Gy (1)

We will use this result directly to find the probability generating function of the sum of two
independent random variables.

WORKED EXAMPLE 12.9

The discrete random variables X and Y have the following probability distributions.

1 2 3 2 4 6
1 1 1 1 1 1
4 4 2 3 3 3
Assuming that X and Y are independent:
a findthe PGFof X+ ¥
b write down the probability distribution of X 4+ ¥
¢ showthat E(X+ Y )=E(X)+E(Y) and Var(X + Y) = Var(X) + Var(¥).
Answer
a Gy(t)= it - 4112 + %F’ First, consider the PGFs of X and Y.
baiio g ]
and Gylfj =P 3= 4=
i Bl =7 g i
G y() = Gy(1) x Gy(2) Since X and Y are assumed to be

independent. we can use the
convolution theorem.

1 1 1 1 1 1
Gy, y(t) = —z+—r2+—r3) X (43+44+—r")
) (4 5 e ¥ T

7 1 1

= ;—7(1 +1+20)x (1 + 2+ 1% Take out Zt x gtz as a common factor.
r’ ) ;

Saghld Pt tt+8+0+20+20 426 Multiply.

f3
=—(1+1+32+ 24300+ £ + 265 s
12 Simplify.
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3 1
12
4 1
12
5 1
4
6 1
12
7 1
4
g 3
12
9 1
6
c Gﬂy(z)_f B+ +30+854+37 +8+27) Remember the powers of ¢ relate to
the values of the distribution. and the
coefficients relate to their respective
probabilities.
G pll) = L(3z‘2 + 483 4+ 15+ 66 + 2165 + 8¢ + 1845) Find both derivatives first.
S Gy () = —(6r+ 1272 + 602 + 301* + 1268 + 561° + 144/7)
G,y (1) ZE(B +44+15+6+21+8+18) Evaluate the derivatives at = 1.
15 ]
o
12 4
j@+y(1)=i(6+12+60+3o+126+56+144)
—4347361
12
BT B O, 1) = 6l E(X + ¥) = Gy (1)
_434 75 [75]*_161 _ .17
Var(X + ¥Y) =—+ — =—=3— Var(X) = G{(1) + Gy (1) - [Gx(1)?
ar( TRET [12} 43 43 (X) 7(1) + Gx(1) - [Gx(1)]
Similarly:
1 1 1
Gy()==t+—£+ 1
) g gty
IS - 9
Gy(=—+=t+=¢ G (=2
KO=7+31+3 P (=3
1 7
W) ==+31 Gt (1) ==
&(7) 2 ¥ (1) :
9
E(X)=2>
(=7 7
7.9 D= 1
Var(X)=2+2-(2) =
MR =gy (4) 16
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And: Consider E(Y) and Var(Y) in the same
1 I 1 way as for E(X) and Var(X).
Oul=cf 4o
3 3 3
Gp(r):%r+%z3+2t5 Gy(1) =4
Gf;(z)=§+4z2+ 1074 Gy(1) =4
E(Y)=4
\'ar(lV):ﬂ+4ﬁ42=§
3 3

E(X)+E(Y)=42+4:6£:E(X+ b7,

11 8 16l 17
Var(X) 4+ Var( Fl=—— g — = =3 =Var(X + Y)

Therefore, E(X + ¥) = E(X) + E(Y) and Compare the two sets of results.
Var(X + Y) = Var(X) + Var(Y).

The PGF of a function of a random variable
Consider a discrete random variable that is a function of another variable, as seen in Chapter 8.

Y =aX + b, where X has PGF Gy(z).

We can find the PGF of ¥ by considering the alternative definition of the PGTF:
Gy (1) = E(+")
Consider ¥ = aX + b, then:

Gy(t) = E(t¥) = E(r*¥+?)
= EB(1°%¢%) = ("B(r*X)
="B[(#)']
= tbG'X(ta )

Therefore, Gy, x(1) = *G (1), as shown in Key point 12.9.

Gxeslt) = PG ()

From this definition, we can now formally reproduce some of the results shown in Chapter 11.

Let us find the expectation and variance of ¥ =aX + b using the PGF of X.
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Gax (1) = "G (1)

Glyp(1) = b 1G (1) + at* ' G(1)

Differentiate using the product rule
and the chain rule.

Glyrp (1) = b1771Gx(19) + al*" 112Gy (19)

Glyxsp(1) = b x 1 +aGK1) Gy()=1
E(aX +b)=aEB(X) + b Gy(1) = E(X)
Glyos(t) = b(b - I)IbszX(l“’) + ab®=1271G 4 (1) Differentiate again.

+ala + b~ 1)19°72G4 (%)
+ @t PG )
Glysy(1) = b(b — 1) + abGi(1) + ala + b — NGK(1) + &°GH1) Let 1=1.
Var(aX + b) = Glyep(1) + Goxep(1) = [Glxss(DF Var(X) = Gy (1) + E(X) - [E(X)P’
Var(aX + b) = b(b — 1) + abE(X) + ala + b — 1)E(X)
+ &?G4(1) + [aB(X) + b] — [aB(X) + b
= b? — b+ abE(X) + a®E(X) + abE(X) — aE(X) + a’G¥(1)
+ aE(X) + b — AHE(X)]? — 2abE(X) - &?
= 2[B(X) + Gx(1) - [E(X)]]
Var(aX + b) = a*Var(X)

WORKED EXAMPLE 12.10

m A discrete random variable, X, has the probability distribution:
1 2 3 4 5
1 2 3 2 1
9 9 9 9 9

a Find Gy(1), the PGF of X.
b Giventhat Y=4—7X, find Gy(7), the PGF of Y.

Answer
L Bb B M b s s
a Gy(H)= 5; i 61‘ s 5{ + §I g Use the definition for G (7).
= é(l + 2 IR EI0F P Factorise.
b Gy(0) = G_qy44(i) Use the definition G,y 5(1) = £°G (#%).

G_yxs4(t) = 'Gy (77

G_rxsa(t) = 1 X Ig—j(l Felr N+ P Hr'P )

Z . 3
Gy(z)—iﬂ(l +++i+—l)
943 ."7 fifi 21 I‘S




1 A discrete random variable X has probability distribution:

1

2

0.4

0.6

A discrete random variable ¥

has probability distribution:

Chapter 12: Probability generating functions

23]

o

d write down the probability distribution of X + Y.

Find the probability generating function for X + ¥.
Find the value of E(X + Y).

0 1 3 5
0.25 0.25 0.25 0.25
Given that X and Y are independent, find:
a Gy(n) b Gy(r) ¢ Gyiy(®
2 A discrete random variable X has probability distribution:
-2 —1 0 1 2
0.1 0.2 0.4 0.2 0.1
A discrete random variable Y has probability distribution:
2 3 4 5 6
0.2 th2, 0.2 0.2 0.2
Given that X and ¥ are independent, find:
a Gy(n) b Gy ¢ Gyyy(®
3 A discrete random variable, X, has the probability distribution:
0.2 0.5 0.3
A discrete random variable, ¥, has the probability distribution:
0.3 0.4 0.3
a Find Gy(7). b Find Gy(z).
Hence, given that X and Y are independent:
¢ find Gy, y(2)
4 Let X~Geo(0.4) and Y~ Geo(0.6), where X and Y are independent.
a Write down an expression for Gy, y(7). b Express m
¢ Hence, find P(X+ Y=k) for k=2,3,4.
5 Let X~Bin(3,0.2) and Y~Po(2), where X and ¥ are independent.

¢ Find the value of G, y(¢). Write your answer in the form:

=1

Find the value of Var(X +

223

¥1.

€
t+ 4 a2 +bt+c
12562( X )

in partial fractions.
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o 6 Let X~Po(d) and Y~ Po(b). Prove that if Xand Y are independent:

a E(X+Y)=a+b b Var(X+Y)=a+b
3t
7 Let Gy(f) = .
et Gy(f) 5 _2;
a For Y=5X%, find Gy(i). b For Y=X+7, find Gy1).
8 Let Gy(r) =e¥D,
a For Y=X-1,find Gy(1). b For Y=3-2X,find Gy(1).

o 9 A discrete random variable, X, has the probability generating function:

3
Gl =157

a Find the probability generating function for ¥ =3X+ 4.
b Show that E(Y) =11,
¢ Find P(Y=k) for k= 4,7, 10.

12.4 Three or more random variables

In the previous sections, we considered only two random variables and only a linear
combination of one random variable. If the variables are independent, we can generalise
this to deal with more than two random variables, and also linear combinations of these
variables, as shown in Key points 12.10 and 12.11.

@ KEY POINT 12.10

For independent random variables, X;, with corresponding PGF Gy(7), then:
Gy +x(0)=Gx(t) x ... x Gg (1)
If n independent discrete random variables all have the same PGF, then this formula reduces to:
Gy, +. +1ﬂ(f) =[Gy
This 1s different from:

GnX('r) = G.Y(tn)

For independent random variables, X, with corresponding PGF Gy (#), then:

Gay, + by, = Gy (1% x Gy (t?)
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WORKED EXAMPLE 12.11

Find the probability generating function for the total number of 8s when a fair eight-sided die is rolled six times.

Answer

When one die is rolled, X has the following probability Find the PGF.
distribution, where X = number of 8s:

xl|lo
00 |— |

And soits PGF is Gy(f) = % - é[‘ This is called a Bernoull: distribution.

Since we are rolling the die six times, we define
= X] =+ X2 -+ wye=k A’ﬁ.

And so the PGF of Yis Gy(1) = [Gx(D)]°. These are all independent, so we can use the
property Gy, 4 sy, = Gy, (1) x Gy(£).

6
Gy(t) = (; + ér) Notice that this is the same as the PGF of

K Bin(6, l)
8

1 Consider the discrete random variable X, with probability generating function:
2
Gy() = §(4 +1)
X} and X; are two independent observations. Given that ¥ = X) + X, find:

a Gy b the probability distribution of ¥.

2 Consider the discrete random variable X, with probability distribution:

=]

(ST K
N U

1
4

Three independent observations of X are taken and the values are added to form ¥. Three independent
observations of X are taken and the values of each X; added to form ¥ where ¥ = X; + X, + X;.

a Find Gg(1). b Find G, (7). ¢ Find P(Y=1).
3 Two independent random variables X and ¥ have corresponding probability generating functions:
G(t) =¥V
and
Gy(f) =D
Itis giventhat 4 =Y — X.
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a A student made the following attempt to find G ,(¥):
Step 1: Gy y(1) = Gx(1) X Gy()
Step 2: Therefore Gy_ (1) = G{t) + Gx(0)
Step 3: Gy_x(f) =3¢ D 1 ¢
Step 4: Gy_x(0) =¥~V
Which step contains the error in the student’s working?

b Find the correct probability generating function of 4, G4(?).

4 Consider the discrete random variable X, with probability distribution:

1 2 3
1 1 L
3 3 3

and Y, with probability distribution:

b=
=]
=l

Itis given that 4 =2Y - 3X.
a Find Gglo). b Find Gy(7). ¢ Find G().

5 Consider the independent discrete random variables X, ¥ and Z, where:

300 Gylf) = (0.7 + 0.30)°
Gy(t) = (0.3 +0.7)*
3t
Gy(1) =
20 =17
Find the probability generating function for the following.
a A=2X+Y+1 b B=X-Y-3Z+4 ¢ C=3X+2¥Y+Z2-1

6 An observation from X~ Geo(0.3) is taken five times: X7, ... &s.
a Find the probability generating function of ¥'=(X; + ... + X3).
b Find P(Y < 8) to 4 significant figures.

7 Let X be a discrete random variable with probability distribution:

1 2 3
0.2 0.3 0.5

Four independent observations are made. Y is the sum of these observations.

a Find the probability density function of Y.
b Find E(Y). ¢ Find Var(Y).

8 Let X;~Geo(0.1), X~ Geo(0.2) and X3~ Geo(0.3).

Fgt Tk 288+ 5
a Find Gy(0). b Find P(Y=7).
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Consider two die, A and B. Each face on each die has an equal probability of
occurring.

Die A has faces 1, 3,4, 5,6, 8.
Die B has faces 1, 2,2, 3, 3, 4.

1 Find the probability generating function of each die and, hence, the probability
generating function for Z, the sum of the scores on both die.

2 What do you notice about the probability distribution for the sum of scores?

WORKED EXAM-STYLE QUESTION

Jamil and Yao are revising for a Maths exam by randomly selecting questions from a large question bank. They
play a game by taking it in turns to answer questions. The first person to get a question right wins the game.

Jamil answers a question correctly i of the time. Yao answers a question correctly % of the time. Assume that all
question attempts are independent. Let X be the total number of questions attempted. Jamil will start the game.
a Find the probability generating function for X
b Find E(X).
¢ Find Var(X).

Answer
a X=1 (Jamil starts the game and wins) It is worth finding a few probabilities
P(Y=1) = 1 to spot any patterns in them. There
=)= 4 may be a standard PGF that we can
X =2 (Jamil is incorrect, then Yao is correct). apply.
P P
4 5 20

X' =3 (Jamil incorrect, Yao incorrect, Jamil correct).

3.4 l 3 1
PX=3: — X — X —= ol =
or=9= (3x5) <= (5) 4
Bl L e o [ Yo
4 5 4 5 5 20
2
B =i e el {2 e
475747574 \5) "4
2.
P(X:6):§-Xﬂxéxix§xl: é Xi
4 5 4 5 4 5 S 20

And so on.
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= 5t + 3¢
4(5 - 31%)
554 3¢
b Gy()= A
4(5 - 31)
A 4(5 = 363 (5 + 61) — (5t + 3:H)(4)(—61)
Gi(r)=— 5 o
4205 = 3Y
_ 100 + 1201 — 6077 — 72 + 120¢* + 727
435 = 312>
5(377 + 61+ 3)
45 -32)?
35
Gi(1) =%
35
E(X) =—
()=
Gy 4(5 — 3122(5)(6t + 6) — 5(322 + 61 + 5)(4)(2)(—68)(5 — 313
C Al) = S
: $s—317
_B-3000r+3) - 5(37 + 61 + 5)(—61)
- 2(5 — 382
75t + 75 — 4563 — 457 + 90¢* + 180¢* + 150¢
25~ 3
15(3° + 92 + 15t + %)
- 25 — 322
G%(1)=30
Var(X) = Gi(1) + G(1) - [Gx ()]

35 /35\?
Var(X) =30 +—— ()
8 8

_91s
T 64

We can look for a pattern in the odd
and even values for X. When X is
odd, Jamil wins. When X is even,
Yao wins.

Each of these patterns is a sum to
infinity of geometric series, so we can

9 from AS &
-7

A Level Pure Mathematics 1.

use the formula S =

Write in closed form and simplify.

Differentiate.

Set =1 to find E(X).

We need G¥(1) to find Var(X):
Var(X) = Gi(1) + Gi(1) - [GHDP?
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Checklist of learning and understanding

For a discrete probability distribution:

® The probability generating function is Gy(7) = E(t") = E 'P(X = x).
X

Standard probability generating functions:

E(X) and Var(X):
Gy(l)=1
E(X) = Gx(1)
Var(X) = Gi(1) + Gx(1) - [GH(DP
Var(X) = G{(1) + E(X) — [E(X)}]
For two independent random variables:
® Gy y(1)=Gx(1) x Gy(9)
To generalise to three or more random variables:
® Gy, 4+x(0=Gy(t)x...x Gy ()
The probability generating function of a linear transformation:

® Guys(t) = Gy(1)

303
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1

The discrete random variable X is the number of times we throw a pair of fair die to get a sum of eight. Find
the probability generating function, as well as the expected number of throws and the variance of X.

A discrete random variable, X, has the probability distribution function:
P(X:x):£ ey 1o 3,
e.T

a Find the value of k and the probability generating function.
b Find E(X).
¢ Find Var(X).

A game consists of rolling two die, one die with six sides, the other die with eight sides, and adding the scores
together. Both die are fair, with the first numbered 1 to 6 and the second numbered 1 to 8. Show that the prob-
ability generating function of Z, where Z is the sum of the scores on the two die, is:

£ (1-0501-1)
Lot e

43 1-£

The variable Y can take only the values 1,2,3, ... and is such that P(Y =r) = kP(X =7r), where X~Po(2).
Show that the probability generating function of Y is given by:

—1

eﬂf
et —1

Gy() =




Cross-topic review exercise 2

A random sample of 40 observations of a random variable X', and a random sample of 25 observations of a
random variable Y, are taken. The sample means and unbiased estimates are:

x=13.6 y=11.2 5, =03 s,=7.1
A test is performed at a significance level of a% using the following hypotheses:
HO: Hx — Hy = 0
H]: Hy — Hy >0

Given that Hy is not rejected. find the possible values of a.

A school 1s considering buying a large number of safety devices to install in the classrooms. The devices are
designed to activate sprinklers if the temperature in the room exceeds 65°C. A sample of the devices are tested
by slowly increasing the temperature and noting the temperatures, in °C. at which the sprinklers are activated.
The results are as follows.

57.8 629 637 712 606 695 647 657

Use a t-test and the 10% significance level to examine whether the mean temperature at which the sprinklers are
activated 1s 65 °C. Assume that the sample is random and mean temperatures are normally distributed.
A random variable X has a probability distribution, f(x), given by:
ke™ 0<x<1
f(x) = { N
‘ 0 otherwise
3¢’

e-1
b Find the median value of X.

a Show that k=

A random sample of five metal rods produced by a machine is taken. Each rod is tested for hardness.
The results, in suitable units, are as follows.

524 526 520

i Assuming a normal distribution. calculate a 95% confidence interval for the population mean.

23 530

N

Some adjustments are made to the machine. Assume that a normal distribution is still appropriate and that the
population variance remains unchanged. A second random sample. this time of ten metal rods, is now taken.
The results for hardness are as follows.

525 520 522 524 518 520 519 325 527 516

i Stating suitable hypotheses, test at the 10% significance level whether there is any difference between the
population means before and after the adjustments.

Cambridge International AS & A Level Further Mathematics 9231 Paper 22 09 November 2011
A biased die has probability p of showing a 6. The random variable X counts the number of trials up to and

including the trial in which the first 6 is obtained. The random variable Y counts the number of trials up to and
including the trial in which the nth 6 is obtained.

a Write down an expression for P(X = x) for X =1.2, .... Show that the probability generating function of X is:
Gy(r) = pr(1 - g1)™
where g =1 — p. Hence show that the mean and variance of X are. respectively:

E(X) =5

Var(X) =-

SN
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b Given that the trials for X are independent and that ¥ =X, + X5 + - + X, find:
i the probability generating function for ¥
i E(Y)and Var(Y).

The owner of three driving schools, A, B and C, wished to assess whether there was an association between
passing the driving test and the school attended. He selected a random sample of learner drivers from each of
his schools and recorded the numbers of passes and failures at each school. The results that he obtained are
shown in the table below.

Using a y*test and a 5% level of significance, test whether there is an association between passing or failing the
driving test and the driving school attended.

Cambridge International AS & A Level Further Mathematics 9231 Paper 2 Q8 November 2010

Trees of the same species grow on opposite sides of a river valley. The heights of eight randomly selected trees
from each side of the river valley are measured and the results, in metres, are given in the table.

13.6 20.1 7.8 18.2 8.5 74 16.0 13.4

5.9 ] 9.6 11.0 4.1 7.1 10.1 [2:2

Carry out a Wilcoxon rank-sum test, at the 5% level of significance, to investigate whether there is any difference
in the average heights of the trees from the two sides of the river valley.

Interpret your conclusion in context.

The continuous random variable X has probability density function, f, given by:

Lix-37+2) 0<x<3
fx)={ 15

0 otherwise
The random variable ¥ is defined by ¥ = X2

a Show that the cumulative distribution function G(y) is given by:

0 y<0
1 3 1

G(y) = E(y2—9y+33y2) 0<y<9
1 y>9

b Show that the median is 0.73, correct to 2 decimal places.

¢ Find E(Y).
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Cross-topic review exercise 2

A charity launched a campaign to raise awateness of low pay amongst full-time workers in company canteens.
The charity now believes the median weekly wage in this job sector has increased.

After the campaign, a random sample of ten canteen workers was asked how much they earned in the previous
week. The results, in NZ§$, were as follows.

156.45 14550 15130  150.70  156.10  151.15 14440 146.60 163.75  157.60
Before the campaign the median weekly wage for full-time workers in the company canteens was NZ$ 147.50.

Carry out a Wilcoxon signed-rank test to determine whether there has been an increase in the median wage after
the campaign. Use the 5% level of significance.

It has been found that 60% of the computer chips produced in a factory are faulty. As part of quality control,
100 samples of 4 chips are selected at random, and each chip is tested. The number of faulty chips in each
sample is recorded, with the results given mn the following table.

0 1 2 3 4
2 12 27 49 10

The expected values for a binomial distribution with parameters n =4 and p = 0.6 are given in the following

table.
0 1 2 3 4
2.56 15.36 34.56 34.56 12.96

i Show how the expected value 34.56 corresponding to 2 faulty chips is obtained.

i Carry out a goodness of fit test at the 5% significance level, and state what can be deduced from the
outcome of the test.

Cambridge International AS & A Level Further Mathematics 9231 Paper 2 09 November 2009
The Tax Bureau claims that people typically take 140 minutes to fill in a tax form. A researcher believes that

this claim 1s incorrect and that, generally, 1t takes people longer to complete the form. She recorded the time
(in minutes) it took ten people to complete the form. The results are given below.

151 138 132 149 145 152 141 148 162 146

Carry out a sign test, at the 5% significance level, to investigate whether the average time to complete the form is
greater than 140 minutes.



Further Probability & Statistics practice exam-style paper

FURTHER PROBABILITY & STATISTICS PRACTICE EXAM-STYLE PAPER

1 Anexperiment is carried out to investigate memory in two situations: aural and visual. A random sample
of 12 students are shown 20 objects and then each student is asked to recall as many of the objects as possible.
Subsequently a list of 20 different objects is read out to them and again each student is asked to recall as many
as possible. The results are given below.

Visual 14 15 10 9 8 13 17 12 14 7 15 6
Aural 12 13 9 10 7 14 16 10 11 8 14

Use a sign test to determine whether or not there is evidence that students can recall objects with greater
accuracy when they are presented visually rather than aurally. Use a 5% significance level. [8]

2 A university librarian selects a random sample of seven students from the physics department and records
the number of books each student borrows in a particular month. The results are as follows.

11.13,%6; 8,10, 17,5

During the same month the librarian selects a random sample of eight students from the geography department
and the number of books each of these students borrows that month is as follows,

19,9,20,15, 16,12, 14,18

a Using the Wilcoxon rank-sum test at the 5% level of significance, test whether or not there is any
difference between the median number of books borrowed by students from these two departments, 7]

b Explain briefly how your test would be modified if S0 students had been randomly selected from each
department. [3]

3 Four torpedoes are fired independently from a ship at a target. Each one has a %probability of hitting the
target. The random variable X represents the number of hits and has probability generating function:
1 4
Gy()=—02+1¢
x(0) TR
a Find the mean and the variance of X. ' 2]

A second ship fires at the same target and the random variable ¥ , representing its number of hits, has
probability generating function:

Gy(z):i(zw)s.

243
Given that X" and Y are independent:
b find the probability generating function of Z= X + ¥ 2]
¢ calculate the mean and the variance of Z. [6]

4  The manager of a hotel collected data on the usage of the facilities at the hotel by its guests. A random
sample from her records is summarised below.

Spa 40 68
Swimming pool 26 33
Business centre 52 31

Making your method clear, test whether or not there is any evidence of an association between gender
and use of the hotel’s facilities. Use a 5% significance level. [11]
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5 A continuous random variable has probability density function f given by

%6(x+4) 0gx<2

.
f(x) =4 96

1
L s—x) 6<x<9
oy o) ¢KE

2LEXLO

0 otherwise.
a Find E(X).
b TFind the cumulative distribution function.

¢ Find the median.

131
13]
131



THE STANDARD NORMAL DISTRIBUTION FUNCTION

If Z 1s normally distributed with mean 0 and variance 1, the table gives the value of

®(z) for each value of z, where

The standard normal distribution function

O(z) = P(Z =< z).

Use @(-z) = 1 - @(z) for negative values of .

@(2)

o1
02
| 03
04
05
0.6
0.7
0.8
0.9
' 1.0
11
1.2
13
14
15
1.6
15
1.8

19

[ 2.5

| 2.6
|
| 2.7

| 2.8

2.9

| |
[ 0.5398 0.5438

10579305832
: 0.6179 0.6217
|0.6554| 0.6591
0.6915 0.6950
107257 0.7291
107580 0.7611
J0.7881 10.7910
108159 0.8186
| 0.84130.8438
0.8643 086065
0.8849, 0.8869
f 0.9032 0.9049
| 0.9192; 0.9207
109332 0.9345
' 0.9452 0.9463
[ 0,9554" 0.9564
; 096411 0.9649
| 0.9713 0.9719
10.9772/0.9778
0.98210.9826
10.9861 | 0.9864
' 0.9893 0.9896
10,9918, 0.9920
: 0.9938 0.9940
10,9953 0.9955
f 0.9965 09966
' 0.9974 0.9975

10.9981 | 0.9982

0.0 | 0.50000.5040 0.5080 0.5120

0.5478
0.5871
0.6255
0.6628
0.6985
0.7324
0.7642
0.7939
0.8212
0.8461
0.8686
0.8888
0.9066
0.9222
0.9357
0.9474
0.9573
0.9656
0.9726
0.9783
0.9830
0.9868
0.9898
0.9922
0.9941
0.9956
0.9967
0.9976
0.9982

05160
05517 0.5557
0.59101 0.5948
0.6293 06331
0.6664, 0.6700
07019 0.7054
0.7357 0.7389
0.7673| 0.7704
0.7967 0.7995
0.82380.8264
0.8485 0.8508
0.8708 0.8729
0.8907 0.8925
0.9082, 0.9099
0.9236 09251
0.9370/0.9382
0.9484  0.9495
0.9582 09591
09664, 0.9671
0.9732 0.9738
0.9788|0.9793
0.933.4;3 0.9838
0.9871 F 0.9875
0.9901 0.9904
0.9925/0.9927
0.99430.9945
0.9957| 0.9959
0.9968 0.9969
0.9977|0.9977
0.9983 0.9984

0.5199
(0.5396
0.5987
0.6368
0.6736
0.7088
0.7422
0.7734
0.8023
0.8289
0.8531
0.8749
0.8944
09113
0.9265
0.9394
0.9505
0.9599
0.9678
0.9744
0.9798
0.9842
0.9878
0.9906
0.9929
0.9946
0.9960
0.9970
0.9978
0.99?4 _

0.5239,0.5279
0.5636 0.5675
0.6026 0.6064
0.6406 0.6443
0.6772| 0.6808
0.7123/0.7157
0.74541 0.7486
0.7764 0.7794
0.8051 : 0.8078
0.8315 0.8340
0.8554| 0.8577
0.8770 | 0.8790
0.8962" 0.8980
0.9131 0.9147
0.9279" 0.9292
0.9406, 0.9418
09515, 0.9525
0.9608 | 0.9616
0.9686;F 0.9693
0.9750/ 0.9756
0.9803|0.9808
0.9846 : 0.9850
0.9881 " 0.9884
0.9909/ 0.9911
0.9931 0.9932
0.9948| 0.9949
0.9961,0.9962
0.9971: 0.9972
0.997910.9979
0.998757: 0.9985

0.5319
0.5714
0.6103
0.6480
0.6844
0.7190
0.7517
0.7823
0.8106
0.8365
0.8599
0.8810
0.8997
0.9162
0.9306
0.9429
0.9535
0.9625
0.9699
0.9761
0.9812
0.9854
0.9887
0.9913
0.9934
0.9951
0.9963

0.5359
0.5753|

0.6141
0.6517|

0.6879
0.7224
0.7549
07852
0.8133/
0.8389
0.8621
0.8830
0.9015
0.9177,
0.9319
0.9441
0.9545,
0.9633:
0.9706,
0.9767,
0.9817
0.9857
0.9890
0.9916
09936
0.9952
0.9964.
0.9973 0.9974
0.9980 0.99§1
0.9986 0.9986|
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Critical values for the normal distribution
The table gives the value of z such that P(Z < z) = p, where Z ~ N(0, 1).

N == —m I lir T T
075 | 090 | 0.95 0575 | 099 | 0.995 |0.9975| 0.999 ‘0.9995}

0.674 | 1.282 | 1.645 | 1960 | 2.326 | 2576 | 2.807 | 3.000 | 3.291



Proof

-

6  Proof
7  Proof
8  Proof

End-of-chapter review exercise 7
1 Proof

2 Forallcases 1, =1+ (1 + n)!, Proof
3  Proof

Cross-topic review exercise 1
1 Proof, %11(711'2 -1)

2 @& Sj=35,8=12
b 3 -2502+10y—1=0
c 14878
3 a x=-4,x=-1,y=0
d_y= -x?—4x -6
dx  (x?+ 5x + 4)?
c 0

d Intercepts are (-2,0), (O, %)

-10

1 -2 3
4 A:(—l 4 1) means the planes all meet at a
2 -29

single point

5 a y‘r

1.5

0.5
o 0.5 i s %
b g@ g 2
9 2
6 a 90° b ﬁ
2
7 Proof
8 a 4 b Proof
et gt -
4r=2 dr+2'2 4n+22
10 § peset ioy=18
# x—-2 x+3 ¥ ’
i x=2,x=-3,y=5 iv 1.8<k<5
Lss
4 2 2
1 1
11 B= - = =1
2 2
1 3
-= =
4 2
12 Proof

8 Continuous random variables

Prerequisite knowledge
1 E(X)=23,Var(X)=0.81

98
ik~

3
Exercise 8A

1 a Yes, because f(x)>0 and Jf(x)dx =1

b No, Jf(x)dx =1 but f(x) <0 for some x
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2

10

¢ Yesbecause f(x) >0 and [f(x)dx =1

d No since [f(x)dx #1

a i
0.6

0.4

( \

0.2

A

0.6 1

0.4

0.2 1

\

TL03 46381012 1416 18 ¥
p=2
9
4
= Ze
-1
a k:L b 0 i
32 o4
1 7
a k= — —_
15 45
=2
&1
B s
19
a k:L b 1 ¢ i
16 4 32
36 2 32

«Y

23
32

| Exercise 8B

0 x< -4

1 Fx)= 91—5(—3x2 +10x+83) —-4<xx<1

1 otherwise

0 i

21—7(—684-54){— B ea] 24 x5

1 x>5
{0 x<3

1

E(X—S) L w7

1

g(x—S) 7€ x£13
\‘1 x> 13
f() x<l1

)
= = 2x+1) 1€ x<4
27

2 Fx)=
3 F()={
4 F={
5 F(x):*
6 a F(x)=
p 4
-
7 a F(x)
N
25

3(-2x2+22x—47) 4sx$£
27 2
Kl x>£
2
(O x<0
% 0gx<5
211—8—(x2—8x+25) 5<x<T
é(x—él) T<x<12
\1 x> 12
0 x<3
51—6(—x2+24x—63) 3<x<g7
1 x>7
c 1 d 4.72
2
0 x<2
1
= —m(xxll)(x—Z)z dexng7
1 x>
23
50



fO x<4
180(—>c +26x—88) 4<x<7
8 a F(x)=
540()6 +22x-68) 7<x<16
\I x> 16
8 59 '
b — o d 7 =104
45 € 108 ¢ m=10
0 x<6
o
9 a Fx)= %(*—936 + 83x — 246) 6 xgls
1 x> 15
b 0.872 ¢ Proof
10 a —g b Proof
Exercise 8C
i 5 X b 200 o
3 9
23 69
2 —=3286 b 11.5 —=0.704
7 ¢ 98
3 a 83 b 754 c 6.51 d 2.55
119 407
4 4.96 = b 339=(—=
2 (24) (12)
¢ 9.33 using exact values
5 i(36+1n5)
6 2_77
7
2
-2
S, -2
2
g 15,03\ _2
8 2 32
5
9 2
3
10 0.482
1
37 +5) 1g%<3
11 a f(x) 360 )

0 otherwise

Median, F(2.315) < 0.5, F(2.325) > 0.5,
Therefore median = 2.32 correct to
3 significant figures

b Mode = 3

¢ E(X)=222
d Since mean < median < mode the skew is

negative.
Exercise 8D
0 a<0
a
I Gla)=<{ — < 4
(a) 200 0<a<g400
1 a> 400
0 a<0
2 Ga)= %(a+\3/c_z)0sa$8
1 a>8
0 a<-34
-1
3 Go= Ea(34+a) -34<ag-19
1 a>-19
0 a<l
4 a Ga)= %(a—l) I<ag4
1 a>4
0 b<l1
b GB)={ (-1 1<b<v3
1 b>V2
0 y<0
5 G()= ﬁ(y+20\/})0\<\ysloo
1 ¥y > 100
x<0
6 a Fx)= ——(x2 8x) 0K xg
x>4
y<-0
b ——(y2—20y—44) -0<y<10
y>10
1
—(10 — -0 < 10
. g(y)-_{72( b, y <
0 otherwise
0 x|
2(x
7 a Fx)= I<x<g2
x>2
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10

|
0 e
y
- 1
b GoI={2vy-1 1
vy 4
1 y>1
1 1
—3 Fers!
c g =4 2*
0 otherwise
( 1
0 < —
=3
25 1
Go={1+(y*=1) 2£yg1
a GG =1 gt — 1 gey
| yp>1
50y 1
b g)={ E\yél

0 otherwise

0 x<0
1 . s

——(x* =10 O x E05
25¢ ) 0<x

1 x>5

1 y>5

d

w2

(3+5) -5<y<5
otherwise

0 r<1

%(—r% 127 =11) 1€r<g6

0 y<=5
b GO)={ o+ 5P -5 <y<S

1 Fish

0 A<z

RS
25x
1 A > 36T

G(4) = —( )(A— 12vAn + 11n) © < A < 36

0 otherwise

End-of-chapter review exercise 8

———1) < Ad<L36m

1 i E(T)=100 ii 69.3 iii 0.819
¥ g e
4
&
-— Qigpgd
16 7
1
big)=(—F 45y<35
8vy
K0 otherwise
ii Proof
iii m, =3, m, =9, hence n, = my
3 i Proof

ii A=0.174, median=1"1In2=3.98

Prerequisite knowledge

1 0.879

2 2.359

Exercise 9A

1 a x=15583,5=9.174

b x=145.2, 5> =177.96

10‘95, 10 = 1812

¢ tog7514 = 2.145

fOD,? == 1415

(4]

Hof,u =41,H]ﬂ?’:41
Hyp=73Hipn>73

(] = ®

=

Ho: H= 65, H]: H # 6.3

fo9s,9 = 1.833; reject

T ow

=

l[)_g-,ls) 0= 2228, reject

b f0A9757 20 = 2086
d IO.995, 24 = 2797
f Ip.95,17 = 1.740

Hy: po = 54.2, Hy: p < 54.2

t0.99,7 = 2.998; do not reject

f0_95: 14— 1761, do not reject



5

a x=49.7,52=10.42

b Hy u=505Hy:u<50.5,t=—0.894,
fo95,11 = —1.796. Do not reject Hy: The mean
length is 50.5cm, based on this sample.

Hg.' H= 60, Hli M -'/: 60, t= 0494, f0_975,9 = 2262,
Reject Hy: The amount of paracetamol is
different from 60mg.

a Hyp=175H:pu<175x=174, s = 2.377,
t =—1.032, 1595 , = —1.895. Do not reject Hy:
The crisp packets weigh 175g.

b The packets that are tested cannot be sold
afterwards, so as few as possible should be
opened (this is called destruction testing).

Hy: g = 5000, Hy: g > 5000, X = 5004.1, s = 36.32,
= 2.151, 1‘0_9519 = 1.83

Reject Hy: The pump is giving more than 5 litres
of petrol.

Exercise 9B

1

=

a s5=126 b s;=159.86

(& Sﬁ = 38.67

a s5;=24.68 b s;=7.746

a ifygs10=1.782 b y975.00=2.074
€ Ip975,13=2.160 d In.995,30 = 2.750
€ fo_g’ 23 = 1319 f f0_95’ 27 = 1.703

a HO:ﬂx“ﬂy:()sHl-'ﬂx_.uy#O

b HO:#x_}uyzoaHl:#x_J“y>O

c H():;ux_;uyzssHl:ﬂx_,‘%y>5

d HO:#x_ﬂy:szHI:#x“ﬂy:ré(S

NB: we are given ¢=15Hy: g — pp=0,

Hj: py — pp < 0. (If more severe, A should be giving
fewer marks on average.) Test statistic = —1 7348,

z = ~1.96. Do not reject Hy: Examiner 4 is not
more severe than examiner B.

a s;=0.0599 (4 decimal places)
b HO.'#M—#};:O,HI:,LIJM‘,MF>O,f=1.056,
10.95, 16 = 1.746

Do not reject Hy: Male Takahe birds are not
significantly heavier than female Takahe birds.

7 a s5=1503
b Ho.' My — Ho = 10, HI:M,’V_)“'O > IO, = —0915,
t12’0>95 = —1782
Do not reject Hy: The council is correct in
stating that the new route will not add more
than ten minutes to the journey.
8 Hofﬂg—ﬂA=0,H11#B‘MA?50J=0-91=
Lo 9758 = 2.306
Do not reject Hy: There is no difference in the
viscosities of the two types of honey.
Exercise 9C
1 a d=-0.333,s3=135
b d=0.683,s3=12.578
¢ d=-575,3=190.93
2 a 0.104 b -0.638 ¢ —0.210
3 a f0.975! 0= 2.228 b fo_gig = 1833
¢ fog7s,11 = 2.201
4  d=0.0338,s5=0.00183, Hy: yiy =0, H,: ;> 0,
= 2233, f{]_975= g5 = 2365
Reject Hy: The weight after the 14 days has
increased significantly.
5 Hopg=2,Hppg>2,d=2225,5,=0.931589,
= 0659, l‘(}_gs’? = 1.895
Do not reject Hy: The claim that participants will
lose at least 2kg in the first five weeks is not true.
6 Hy: g =0, Hyp; #0,t= 2.934, fyg75,7 = 2.365
Reject Hy: The course did not make a difference
to the memory test scores.
7 H()Z g =10, H1: Ha>0,t=1.057, fpos s = 2.015

Do not reject Hy: The visits of the psychologist
have not had a positive impact on sales
productivity.

Exercise 9D

1

2

a r0.95, s=2.015 b f0_95,7 =1.895
€ fog75,11 = 2.201 d 17h96=1440
a 1.061 b 1.414
¢ 1.563 d 0917
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3  a (10.358, 16.042) b (9.710, 16.690)
¢ (10.570, 15.830) d (9.276, 17.124)
e (8.455, 17.945) f (11.344, 15.056)

4 (13.32,17.68)

5 a x=7.153,5=0.002347, tg g975 = 2.447,

[7.108,7.198]

b Since the confidence interval is totally above
the value of 7.1, the claim by the car hire
company is wrong.

6 [40.10,46.57]

7 a [453.6,459.3]

b The confidence interval contains 454 (just!)
and so the claim is justified.

8  NB:since n is large we can use the Central
Limit Theorem and we can use s° as an
unbiased estimator for ¢%. CI: we use

3.2
Zo655, 37.2 + 2.576 x —=, [35.83, 38.57]
) V36

Exercise 9E

1 a 1645 b 1.960
¢ 2.576 d 1.282

2 a 10795, 2= 1.782 b IO.975,21 = 2.080
C lpggs g = 2.763 d fng, 18= 1.330

2 2
Sk SJ/' .
3 a X 4+ — =10.789, confidence interval
\/ T
(=0.907, 1.687)
/1 1 .

b s, s + -@ = 1.546, confidence interval
(-3.350, 2.010)

€ 5y ni + ni = 9.939, confidence interval

& 'y
(—18.643, 24.303)

4 a (10.037, 14.163) b (8.87, 15.33)

5 a s5,=106l
b IU.9, M0 = 1725, [—156, —004]

6 [0.419, 3.081]

b Since the confidence interval is wholly above
the value of 0, we can conclude that sleep
deprivation does affect reaction time.

Since both n are large, we can use the z-statistic
to do this. zg.975 = 1.96, [0.555, 1.845]

NB: we need to use pooled variance here.
52 = 0.0909, [-0.590, 0.111]

End-of-chapter review exercise 9

1

a x=6.1,£=1152=1322, Hyp=352,
Hl: yZ2 > 52, 1= 247, 10_95,9 =1.83
Reject Hy: The mean is greater than 5.2.

b Hypp—po=0Hipup—pp<0. Assume
distributions have equal variances.
7=70,52=1.085% & =1118% =18,
t18,0.95 = 173
Reject Hy: Therefore mean of Q is greater.

Hg: u=7.5, Hy: 4 < 7.5, = 7.04, & = 09707,
t=1.499, 109,9= 1.383
Reject Hy: The mean is less than 7.5.

£ =09273;z=1.869; 0 <6.2

Prerequisite knowledge

1
2
3
4

5

0.879
0.181
0.7599
0.618

0.45

Exercise 10A

1
2

a 13.36 b 1968 ¢ 1328 d 41.40
a
1 2 3 4
t 20 | 45 80
b
a b c d
80 | 80 | 40 | 40
G
3 | 314V 5 |67 |8
40 | 40 | 40 | 40 | 40 | 40 | 40
a y*=8472
b y%=1837
¢ y>=84%4



4 a 1 2]37]a4
32|24 | 16 | 8

b Hj: the model is a good fit
H;: the model is not a good fit

4.3229 d v=4-1=3

¢
e 13(0.95)=7815
f Since 4.3229 < 7.815, there is insufficient

evidence to reject Hy: Therefore the model is a
good fit.

5 ol A B/[AB
100 | 60 | 40 | 20

Hy: The blood groups are in the proportion 5:3:2:1
H;: The blood groups are not in the proportion
573524

x7=10.5817, v =4 — 1 =3, 43(0.95) = 7.815

Since 10.5817 > 7.815, there is sufficient

evidence to reject Hy: Therefore the blood groups
in the neighbouring country are not in the
proportion 5:3:2:1.

6 Hy: A uniform distribution is a good fit
H;: A uniform distribution is not a good fit

2r=1250=10-1=9, 440.95) = 16.92
Do not reject Hy: A uniform distribution is a
good fit.

Exercise 10B

1 a 25931
b 14.817
(Or, if 5 is found first, s = 14.818 and r will
then be 25.930.)
2 a 23.137 b 16.215
3 a Proof

b r=16.036,5s=11.204

¢ Itisnecessary that each E; > 5. Combining the
columns in this way guarantees that.

4  y?=5.167; degrees of freedom = 5. The last two
columns need to be combined.
5  Hy: Binomial is a good fit
H,: Binomial is not a good fit
27 =2.944, ¥3(0.95) = 7.815
Do not reject Hy: Binomial is a good fit.

6  Hy: Poisson A= 2.5is a good fit

H,: Poisson A = 2.5 is not a good fit
23 =2.944, ¥40.95) = 11.070
Reject Hy: Poisson with 4 = 2.5 is not a good fit.

7 a Proof

b p=30.80,q=15.19

¢ Hy: Poisson is a good fit
Hi: Poisson is not a good fit

x?=11.442, 3(0.99) = 11.34

Reject Hy: A Poisson distribution is not a good
model.

Exercise 10C

1 a 116 168 (8 |3
B rs o o] o [is]1s
C

131.58

90.643
121.35
73.556

82.871

The last group has been adjusted to ensure
that ZE; = 500.

2 a 4156 b 2.778

¢ 1.299

3 aiv=9-1-1=7
i 43(0.95) =14.07
biv=7-1-2=4
i 42(0.9)=7.779
c i v=11-1=10
i x3,(0.975) = 20.48
d i v=15-1-1=13
i 473(0.95) =22.36

4 a 01303 b 0.7851
¢ 0.0825 d 0.00202



H,: Machine is equally likely to cut between 24.5
and 25.5m

H;: Machine is not equally likely to cut between
24.5 and 25.5m

This could also be: Hy: L can be modelled as
continuous uniform on [24.5, 25.5]

H,: L cannot be modelled as continuous uniform
on [24.5,25.5]

yi=16,v=4-1=3, ¥3(0.95 =7815

Do not reject Hy: Machine is equally likely to cut
between 24.5 and 25.5m.

Ho: L ~N(50, 1.5%) is a good model
H,: L~N(50, 1.5%)is not a good model
y2=223861,v=6—1=35, ¥3(0.95) = 11.070

Reject Hy: L~ N(50, 1.5%) is not a good model for
these data.

a Proof

b Hy anormal distribution with y =47.5is a
good model
H,: a normal distribution with p =47.5is not a
good model
¥2=1720,u=7-1-1=5,
7%(0.995) = 16.75

Reject Hy: A normal distribution with p = 47.5
is not a good model.

Hy: the model is a good fit

H,: the model is not a good fit
¥i=1.097,v=5-1=4, y3(0.95) = 9.488
Do not reject Hy: The model is a good fit.

Exercise 10D

a El] = 18, E31 = 12, E33: 8
b El2 - 1867, E24 = 1]., E13 =24.67

C

10.41 11.19 5.4
11.96 12.84 6.2
18.51 19.89 9.6

The shaded cells have been adjusted to ensure

that rows and column add correctly.
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4 12 28
18 42
2 _
22 =0.794
bl 302 34.98
62.98 71.02
22=2251
¢ 30.66 3534 |
25.09 28.91
62.25 7175
x2=12366
d 28.63 775 31.61
19.37 5.25 21.39
The first two rows have been combined to
ensure E,-j- > 5.
72 =10.386
a 4 b 6

¢ 6. Either the first two rows or the last two
columns must be combined

4 16.18 42.82
48.82 129.18
b y2=5.271

¢ Hy: there is no association between X and ¥
H,: there is an association between X and ¥

v=1; y$(0.95) = 3.481
Reject Hy: There is an association between X
and Y.

H,: Age group and loan type are independent
H,: Age group and loan type are not independent

Expected values:

22=0898,v=2 - 13 -1)=2, ¥3(0.9) = 4.605
Do not reject Hy: Age group and loan type are
independent.



b Hy: There is no association between region
and being accepted
H,: There is an association between region and
being accepted
Expected table:

22.4 19.2 14.4 24 80
117.6 | 100.8 75.6 126 420
140 120 90 150 500

=5630,r=@=12-1)=3
x3(0.95) =7.815

Do not reject Hy: There is no association
between region and being accepted.

Hp: There is no association between town and
quality of mobile phone reception

H,: There is an association between town and
quality of mobile phone reception

¥ =8210,v=03-1)(3-1)=4,

24(0.95) = 9.488

Do not reject Hy: There is no association
between town and quality of mobile phone
reception.

End-of-chapter review exercise 10

a Mean = 1.31, variance = 1.21

Since these are roughly the same, a Poisson
distribution seems appropriate.

b i ¢g=20219
ii Hy: Poisson is a good fit, H;: Possion is not

a good fit
Need to combine last three categories.
¥2=5542,v=5-1-1, 430.9) = 6.251
Do not reject Hy: The Poisson is a good
model.

Hy: Car type is independent of age group

H,: Car type is not independent of age group

Or Hy: There is no association between car type
and age group

H;: There is an association between car type and
age group

x* test statistic = 12.6 (1 decimal place), v = 4,
73(0.95) = 9.488

Since 12.6 > 9.488 we reject Hy: There is sufficient

evidence to suggest that car type and age group
are not independent (there is an association).

= <x<3 | 40

e ) 12

2
I<x<4 20
4
5

£x<6 8

b Hy: f(x) is a good fit, H;: f(x) is not a
good fit
21=57,v=4-1, ¥50.9) = 6.251
Since 5.7 < 6.251, do not reject Hy: f(x) is a
good fit

Prerequisite knowledge

1

0.0654 (3 sf)

Exercise 11A

1
2

a 11 b 14 c 9 d 6
a 0.0730 b 0.0898

¢ 0.0592 d 0.0207

a 0.0287 b 0.0193

¢ 0.0037 d 0.0539

a Do not reject Hy,. b Reject Hy,.

¢ Reject H,,.

a E(S)=7.5, Var(S) =3.75, z = —1.549
b E(S)=10, Var($) =5, z=-2.012
¢ E(S)=7.5, Var(S) =3.75, z=2.066

Hy: The population median is 5.2
H;: the population median is below 5.2
Test statistic = 3, P(X < 3) = 0.0730

Since 0.0730 > 0.05, do not reject Hy: There is
insufficient evidence to suggest that the pH is
below 5.2.
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7  H,: Population median is 11, H;: Population
median is greater than 11.
Test stat = 6, P(X = 6|/X ~ Bin(10, 0.5)) = 0.377

Do not reject Hy: Population median weekly
pocket money has not increased from 2016
to 2017.

8 a Hg: The population median is 7675, H;: The
population median is not 7675.

Test statistic = 4,

P(X < 4/X ~ Bin(12,0.5)) = 0.194

Do not reject Hy: The population median 1s
7675.

b Median would need to be greater than 8150
(so only 2 values created a positive)

9  H: the population median is 60, H;: the
population median is greater than 60.

16.5 - (@)
2
20
4

Reject Hy: The population median time is greater
than 60 minutes.

St=16,z= = 2.907, 2,95 = 1.6449

Exercise 11B
1 a P=70,N=50,T=50
b P=8, N=112,T=8
¢ P=117,N=3,T=3
2 a3 b 19
¢ 32 d 8
3 The underlying data are symmetric; the

underlying data are continuous; the data are
independent.
4 a E(T)=232.5, Var(T)=2363.75

z=-1.172
Do not reject Hp.

b E(7) =105, Var(T)=717.5
z=—1.699
Reject Hy.

¢ E(T) =410, Var(T) = 5535
z=-2.009
Reject Hy,.

5  Hp: The population median is 4, Hy: The

population median is greater than 4.
T =4, Critical value = 10
Reject Hy: The population median is greater than 4.

6 a Hy The population median is 43, H;: The

population median is below 43.
T =min(1, 35) = 1, Critical value = 8
Reject Hy: The population median is below 43.

b Wilcoxon signed-rank is preferred because the
magnitudes of the differences are taken into
account.

7  Hp: The population median is 11.2, H;: The

population median is greater than 11.2.

T = min(7,48) =7, Critical value = 10

Reject Hy: The population median is 11.2.
8  Hy: The population median is 50, H;: The

population median is less than 50.

T =55, B(T) = 517.5, Var(T) = 7848.75

. 55.5-=517.5
7848.75

z=-5.215

Zpeg = “‘2326

Reject Hy: The population median is less than 50.

Exercise 11C
1 a 4 b 2 c 2
2 a n=11

Since data points B, I, K, have a zero

difference they must be ignored.
b 6

3 a P(X<3X~Bin(9,0.5)) =025
Do not reject Hy,.

b P(X < 1|X~Bin(6,0.5)) =0.109
Do not reject Hy.

¢ P(X < 1)X~Bin(8,0.5)) =0.0352
Reject Hy,.

4 a Thevalue of nin this case is 11, which is
greater than 10 and so an approximation
would be valid.

b E(S") =5.5, Var(§")=2.75
¢ z=0.603



Hy: There is no difference in the population
medians

H: There is a difference in the population
medians

Test statistic = 2 or 8 (choose 2 to use)

P(X < 2|X ~ Bin(10, 0.5)) = 0.0547

Do not reject Hy: There is no difference in the
average effectiveness of the aerosols.

Hy: The thickness of the cornea is the same in
cach eye

H,: The thickness of the cornea is different in
each eye

Test statistic = 5,

P(X > 5|X~Bin(7,0.5)) = 0.227

Since 0.227 > 0.05, do not reject Hy: There is no
difference in the thickness of the cornea.

Hy: The population median yields are the same
H,: The population median yield for the new
fertiliser is greater

Test statistic = §,

P(X > 8|X~ Bin(10,0.5)) = 0.0547

Do not reject Hy: The population median yields
are the same.

Exercise 11D

1

b P=14N=31;T=14
¢ P=15.N=5,T=5

a  Critical value = 3; do not reject H,
b Critical value = 25; reject H,,.

¢ Critical value = 3; do not reject H,,

85.5
527.25
—1.132

=TI T -

Critical value = —1.96; do not reject H,,.

a Hj: the scores are the same, H,: the scores are
different.
T =min (16, 20) = 16, Critical value = 5
Do not reject Hy: There is no difference
between the scores of the eight students.

b The data are symmetric.

~

Hy: Phones with old and new processors are the

same
H,: Phones with the new processor are better

T'=min(9, 46) = 9, Critical value = 10
Reject Hy: The phones with the new processors
are rated higher by customers.

Hy: Treatments have no difference (in the
population median number of spots)

H;: There is a difference (in the population
median number of spots)

T'=min(36,0) = 0, Critical value = 3

Reject Hyy: There is a difference (in the population
median number of spots).

a E(7)=2325 b Var(7) = 2363.75
¢ Hg: The pairs of identical twins have the
same [Q
H;: The pairs of identical twins have a
difference in their IQ
T =min (272, 193) = 193, ts = —0.81245,
Zp975s = —1.96
Do not reject Hy: Identical twins have the
same 1Q.

Exercise 11E

1

a i 52(32)

il 32(52)

iii 32
b i 75(51)

ii 51(75)

iii 51
¢ i R,=24(46)

ii 46(24)

iii 24
d i 250r30

ii 300r25

iii 25
a 29 b 45 c 21 d 16
E(R,) =99, Var(R,,) = 198
E(R,,) = 156, Var(R,,) = 338
E(R,) = 72, Var(R,,) = 108
d E(R,)=188.5 Var(R,) = 471.25

(=]

(]
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a E(R,)=186, Var(R,) =558, z=—1.672
b Critical value = —1.645; reject Hy.

H,: The calorie content of the chicken sausage is
the same as the vegetarian one

H,: The calorie content of the chicken sausage is
different to the vegetarian one

R, =74, m(n+m+1) - R, =38, W=38,
Critical value = 38

Reject Hy: The calorie content of the chicken
sausage is different to the vegetarian one.

Hy: There is no difference in the population
median length on each side of the river

H,: There is a difference in the population
median length on each side of the river

R, =48 m(n+m+1)— R, =88, W = 48,
Critical value = 51

Reject Hy: There is a difference in the lengths of
the plants on the two sides of the river.

H,: There is no difference in the time taken to
become overripe

H,: Chilled transport takes longer to become
overripe

R,=2l,mn+m+1)— R, =39, W=21,
Critical value = 20

Do not reject Hy: There is no difference in the
time taken to become overripe.

Hy: There is no difference in the scores between
the two sessions

H;: There is a difference in the scores between the
two sessions

E(R,,) = 270, Var(R,,) = 900, ts = —2.483,

P(Z < —2.483) = 0.0065

Since we have a two-tailed test, 0.0065 < 0.01
and so we reject Hy: There is a difference in
performance between the morning session and
the afternocon session.

End-of-chapter review exercise 11

1

a i Since we are comparing two sets of data,
we must use a two-sample test. Since the
data is not matched, we must carry out a
Wilcoxon rank-sum test. To do this we
must assume that the samples are
independent. (The data are already
continuous.)

3

ii Hj: there is no difference in the population
medians of the two samples
H,: The population median for returning
from the dining hall is greater than the
population median going to the dining hall
One-tail 5% Wilcoxon rank-sum test:
Test statistic = 94, Critical value = 82
Since 94 > 82, do not reject Hy: There is
no difference in the population medians of
the two samples.

b i The datais now matched pairs and so
Wilcoxon matched-pairs signed-rank test
would be appropriate.

ii Hg: The median difference of the paired
values is 0
H,: The median difference of the paired
values is greater than 0
T = 3, Critical value forn = 10is 10
Since 3 < 10 we reject Hy: The median
difference is greater than 0 and so the time
taken to walk back is greater than the time
to walk to the dining room.

H,: There is no difference in the population

medians of men’s and women’s cholesterol levels

H,: There is a difference in the population

medians of men’s and women’s cholesterol levels

R, =633, m(n+m+ 1) — R, =387, W=387,

E(W) = 510, Var(W) = 2550

Test statistic = —2.246, Critical value = —1.96

(two-tailed 5%)

Since —1.96 > —2.246 reject Hy: Thereis a

difference in the population medians of men’s

and women’s cholesterol levels.

When drawing a stem and leaf diagram, we

can see that the data are symmetric and so the

assumption is justified.

a i The data cannot be assumed to be
normal.

ii The data cannot be assumed to be from a
symmetric distribution.

b Hy: The population median is 50, H;: The

population median is greater than 50

Test statistic: 11(+) or 3(=), P(X > 11) = 0.0287
Since 0.0287 < 0.05, do not reject Hy: The
population median is 50



12 Probability generating
functions

Prerequisite knowledge
1 E(X)=32,Var(X)=1.92

2 E(X)=2, Var(X)=2

3 B(Y)= 13—0, Var(X) = 7.778
- (3)
4 N2/
2

5 206 202 1608
o 2t ot

Exercise 12A

1 a (0.7+03)%
b (0.75+0.25)1°
¢ (0.96+ 0.04£)%°

a e4(t—1) b e23-1) ¢ elz(tﬁl)

(3]

{ Tt 2t
b c
10 — 9¢ 10 - 3¢ 5 ~3¢
4 Gun)= %(4 +2+4P + B+ 4+ 20 + 265

5 Gun= %(rz + 41" + 665+ 415 4 £10)

72
Gxlo) = E(1 + 2)*

6 5 7 11
1 1 1
3 6 3

7 X~Bin(7,0.2)

8 a P(X=0)=1,PX=1)=%px=2=1
3 3 6
1
P :3 = —
(X=3) =
1
b P(X=k)=
¢ ) Py
9  HX=x)=y*"p, Provlt
10 k=9

Exercise 12B

¢ 39 d 3.89
c 3 d 1

a 39 b 152

a 3 b 7
E(X)=5.3, Var(X) =221

E(X) = g, Var(X) = %

z
a GX(I):E——I

b E(X)=2, Var(X) =2
q

E(X) =7, Var(X) = =

w| R AR

E(X) = g, Var(X) =

a Gyt)= %(2:2 + 3t + 389

Gi(1) = £ (41 + 30t~ + 3p¢4-)

Gi7) = é(4 + 3a(a — 1)#=% 4 3b(b — 1)-2)
b a=3,b=7

Exercise 12C

1

a §(2+3:)

b %(1+t+t3+t5)

c i(2+3t)(1+t+t3+r5)
20

a L2428+
104

1 -7)
5(1 —1)
(L= £
50(1 —¢)

a Gut)= %(2 + 5224 3r%

(142t +42+ 28 + 1Y

b Gyli) = %(3 +42 + 3%

¢ Gy ()= 1—(’;6(2 + 52 4 33 + 482 + 314

d 1 ) 5 7 9
0.06 [ 0.23 | 035 | 027 | 0.09

N 61
C(5-20(5-31)

a Gyy
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I
55 3¢=5
‘ —
6
2 25
6
3 25
114
4 625

Gy () = 21(0.8 + 0.20)°
E(X)=2.6

2621‘
Gl= (t + 4)(21* + 22t + 59)
T
Var(X + ¥)=2.48
Proof b Proof
%0
R
38
5—2t
e4(1—1)
t
[364(1“2—1)
3¢
Gy(t) =
=107
Proof
1 0.3
0.21
7 0.147

Exercise 12D

1

i(4 +1)?
25

4 6
N
23 25 29

1/1
Z(?+2+i)

3
LY P
64\ t

3 a 2
(t=1)(5¢-3)
e_——

t

4 a %(l+r+z2)
14
b —Q2+t+17)
4
5
c f—z(r4+212+t+2+l‘“1+2[_3+t_4+2f6)

5 a G,()=10.7+0372%03+0.7)
3(0.7 + 0.37)7

b Gyf) =
=17
3(0.7 + 0.3£2)%(0.3 + 0.72)*
& gl ( )*( )
10— 7¢
5
¢ a1 G =220 .  p (03T
(10 -7
I4
7 Gy(1) = 3 3384 56)"
a Gy = 15000 )
T
5
¢ Var(Y)=244
6
8 a Gyl)= 3
(10 — 92%)(5 — 41%)(10 — 71)
y 2
5000

End-of-chapter review exercise 12

1 Gy)= 364?%’ E(X)=7.2, Var(X) = 44.64

2 a k:l,GX(z‘)=ee—_rr

82

b E(X)=
(e — 2y
2(2 -2t —2e—2et
¢ Var(X):e( Br LR
(e—1)*
3 Proof
4 Proof

1 $£=3.00865
z=1.384
a S 8320/0



HD: H= 65, Hli,u #+ 65
Test statistic = —0.314
Critical value = 1595 ; = —1.895

There is insufficient evidence to suggest that the
sprinklers are not activated at 65°C.

Proof
0.614

[=pl ]

i [520.0,529.2] or 524.6 +4.6[1]
W Hopp~p, =0, Hy: pp — p, #0
o =071
Test statistic = 1.52
Critical value = 1.64

There is insufficient evidence to suggest a
difference between the two means.

P(X=x)=p(1 - p)*-!
b i Gyt)=p"e(1 - go)"

i B(Y)= g, Var(Y) = f‘zi
P

Hy: No association between test results and school
H;: An association between test results and
school

Test statistic = 3.68

Critical value = 3(0.95) = 5.99

Do not reject Hy: This is no association between
test results and school.

Hp: There is no difference between the population
medians

H;: There is a difference between the population
medians

R,, =48 or 88

W =48

Critical value = 49

Reject Hy: There is a difference in the
population medians, therefore there is a
difference in the average height of trees on the
two sides of the river.

a Proof

b Proof
c 1.74

Hy: The population median is 147.50

H,: The population median is greater than 147.50
P=49, N=6

T'=min(49,6)=6

Critical value = 10

Reject Hy: There is sufficient evidence to suggest
the median is greater than 147.50.

10 i 100 x4C,x 0.42 % 0.6 = 34.56
ii Hg: A binomial B(4, 0.6) is a good model.
H,: A binomial B(4, 0.6) is not a good model.
=922
23(0.95) = 7.815
Reject Hy: Probability of faulty chips is not 0.6.

11 Hy: Population median time taken = 140
H,: Population median time taken > 140

Test statistic: S* = 8(S~=2)
P(S* > 8) = 0.054688

Do not reject Hy: the time taken to fill
in the forms is 140 minutes.

13 Projectiles
Prerequisite knowledge

1 magnitude of deceleration = 0.36 ms~>
2 t=574sand v=37.4ms"!

Exercise 13A

1 a 45.62ms™!

b 8B8.68m
¢ 27.17° or 62.83°

2  42.75ms™!

14.59ms™ ! <u < 16.31ms!
36.9°

10v2 <u <20
.75ms™!

a V60ms!
6v15m

2.62s

b 2.75m

=T T N N R o)

10 a 2.32s b 25ms™!




Further Probabilitly & Statistics
e

practice exam-sty

1

paper

Hy: Recall for visual and aural is the same
H;: Recall from visual is better than aural.

Test statistic: $* = 9(S~ = 3)
P(S* > 9) = 0.072998
Do not reject Hy:

Objects presented visually are not recalled more
accurately than objects presented aurally.

a Hj: There is no difference between the
population medians of the two departments
H;: There is a difference between the
population medians of the two departments
m=7n=38§

R, =175
mn+m+1)— R, =37
W =37

Critical value = 38

Sufficient evidence to reject Hy: There is a
difference in the population medians of the
two departments.

b A normal approximation can be used with
BE(T)y= 2525
Var(T) = 21042
T =~ N(2525, 21042)

.

a E(X):3

, Var(X) =§

1
b Gz(f) = W(Z =+ f)g

¢ E(Z)=3,Var(Z)=2

Hy: No association between gender and facilities

used
H;: An association between gender and facilities
used

p ((0 ;E)Z) =127

£5(0.95) = 5.991

Reject Hy:

There is an association between gender and the
facilities used at the hotel.

5 a 4297

fO x<0
%y(s 53 0<x<2
b F(x):{%(7x+18) 2€x<6
1
B2 — S
20 (30x 69) x=6
\0 otherwise
¢ Median = %Q

Further Mechanics practice

exam-style paper

1 Speed 18.8ms™! and direction angle 22.9° below
the horizontal.

2 493°
4 1
3 a r=lu—_4 b = (9mu)?
3m
4 a Proof b V3ga<u<]f12—5ga
5 a x= —-~52x w= 0
37 3
b 06125
9 3 e e i
6 a y= ?u, vp = —Eu, opposite directions
b 22y ¢ BN
28 7

Further Pure Mathematics 2
practice exam-style paper

1 y=secxInsinx+ csecx

2
12
1 -2 1 : 0
3 a0 3 2 2
0 0a-4 : b-2
b a#4,beR
¢c a=4,b=2
d a=4,b+#2
4 13

5  Proof, In(3 + v8), In(2 + V3)




Glossary

x’-test: a test that can be used to look for the association
between two sets of categorical data, or to perform a
goodness of fit test

p. the Greek letter rho: density (pronounced ‘row” (spelt rho))

A
Acceptance region: the values of the test statistic for which
we do not reject the null hypothesis

Angle of depression: the angle formed by the line of

sight and the horizontal plane for an object below the
horizontal

Angle of elevation: the angle formed by the line of sight
and the horizontal plane for an object above the horizontal

Angular speed: the velocity of a body rotating about a
fixed point, measured as the rate of change of the angle
turned per unit of time

Arithmetic sequence: a sequence in which each successive
term is obtained by adding the same constant value

Asymptote: a line that a curve tends towards

Augmented matrix: a matrix that is formed by combining
the columns of two matrices

Auxiliary equation: an algebraic equation of degree # that
is based upon an nth degree differential equation

B

Barycentre: the point between two objects, such as planets,
where the objects are perfectly balanced with each other

Boundaries: limiting or bounding lines

Boundary conditions: a set of conditions that limit the
possible solutions of differential equations

Breaking equilibrium: when the net force on an object is no
longer zero

C
Cardioids: a type of polar curve that is heart shaped

Catenary: a naturally occuring shape observed in cases
such as telephone cables and rope bridges, modelled by the
hyperbolic cosine function

Cayley-Hamilton theorem: states that every square matrix
satisfies its own characteristic equation

Centre of mass: the point at which the entire mass of a
body may be considered

Characteristic equation: the polynomial of degree n that
relates to the eigenvalues of a square matrix

Chi-squared: a family of distributions which are used to
test association and goodness of fit

Circular functions: sine, cosine and tangent are called
circular functions as they are derived from the unit circle
Circular motion: motion that occurs about a fixed point
where the distance is constant

Coalesce: when two objects join together upon collision:
occurs when there is zero elasticity between the objects
Coefficient of restitution: the measure of how elastic the
collision is between two objects

Column: a vertical collection of terms, such as in a matrix
Common perpendicular: when two or more lines or planes
are such that a vector is at right angles to both of them
Comparison test: the use of a similar sum to compare
against the original; this comparative sum is known to
converge or diverge

Complementary function (CF): the general solution of the
auxiliary equation of a linear differential equation
Composite: made up of several different parts or elements
Compressed: reduced in size due to external forces
Confidence interval: an interval for which there is a given
probability that the population mean lies within that interval
Conic section: a special curve created by cutting through a
right circular cone with a plane

Conical pendulum: a pendulum that performs horizontal
circles about a centre that is vertically below where the
string is attached

Conservation of energy: the total energy of an isolated
system remains constant throughout the motion
Constraint: a rule or condition

Contingency table: a two-way table to display categorical
data used in a chi-squared test

Convergent: a series is convergent if the sequence of its
partial sums approaches a limit

Convolution theorem: in statistics, a theorem that allows
evaluation of the probability generating function of the
sum of two independent discrete random variables

Cross product: two vectors, u and v, are crossed to form a
vector that is perpendicular to both uw and v

Cube roots of unity: the three roots of the cubic

equation z° — 1 =0

Cubic equation: a polynomial with a leading term of power 3
Cumulative distribution function: a function that relates
probability to the area under the graph for a probability
density function that defines a continuous random
variable

Cusp: a point on a curve at which two branches meet such
that their tangents are equal
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D
Deformation: the altering of the shape of an object

Degrees of freedom: the number of independent pieces of
information that contribute to the estimate of a parameter

Denominator: the bottom portion of a fraction

Derivative: a function or value obtained from differentiating
the original function

Determinant: a value obtained from the elements of a
square matrix, usually used to represent the scaling factor
from a transformation

Diagonalisable: a square matrix is known to be diagonalisable
if it is similar to a diagonal matrix

Differential equation: an equation that contains the
original function and at least the first derivative; the order
of the differential equation is determined by the highest
derivative in the equation

Differentiation: the process of finding the gradient
function

Directly proportional: a relationship between two variables
such that they increase in the same ratio

Discontinuity: a point on a curve in which f(a) does not
exist; a gap exists in the curve

Discrete uniform distribution: a distribution in which the
random variable takes specific values, and each value has
an equal probability

Discriminant: a function obtained from the coefficients of
a polynomial, allowing the deduction of the number of
roots of the polynomial in question

Displacement: the position of an object relative to its
starting point, measured as a vector

E

Eigenvalue: a value obtained from solving the characteristic
equation of a square matrix

Eigenvector: a vector that maps to a factor of itself when a
matrix is applied to it, the direction being unchanged
Elastic: a material that has the ability to stretch beyond its
natural length when a force is applied to it

Elastic potential energy (EPE): the energy stored in an
elastic body that has been stretched or compressed

Element: a value in a matrix

Ellipse: a curve surrounding two focal points, where the
sum of the distances of a point on the curve to these two
focal points is always constant

Energy: the measure of mechanical energy stored in a
system, comprising kinetic energy, potential energy and
elastic potential energy

Enlargement: a transformation that increases or decreases
the area or volume of an existing shape, a stretch along all
coordinate axes

Equilibrium: a state in which the resultant forces on an
object are zero

Extension: the extra length created when an elastic object
is stretched beyond its natural length

F

Free variable: a variable that does not correspond to a
pivot column in a row reduced matrix

Frustum: a right circular cone with a smaller right circular
cone cut off by slicing the cone to give a larger and smaller
circular face

G

General solution (GS): a solution to a differential equation
with undetermined constants

H

Homogeneous differential equation: a differential equation
that includes terms in only one unknown function, e.g. y,

o dy dy _ :

and its derivatives, e.g. —, ——. It is possible to arrange
dx dxz

the terms to give zero on one side of the equation

Hooke’s law: a law that relates the extension of a string or
spring, or the compression of a spring, to the force applied

Hyperbola: a curve surrounding two focal points, where
the difference of the distances of a point on the curve to
these two focal points is always constant

Hyperbolic function: hyperbolic functions are derived from
the unit hyperbola

Hyperbolic identities: relationships between hyperbolic
functions similar to their trigonometric equivalents

I

Implicit: a function or expression that is not expressed
directly in terms of independent variables

Impulse: a force applied over a given time interval

Induction: a method of proof in which a base case 1s

shown to be true, then successive steps are shown also to

be true, completing the proof

Inertia: the resistance of any physical object to change its

current state of motion

Inextensible: a spring or string that cannot be stretched

beyond its natural length

Inhomogeneous differential equation: a differential

equation that can include terms in two different functions.
dy dzy

Moving all the terms in one function, e.g, ——, —, to one
dx dx?

side of the equation leaves a function, e.g. f(x), on the
other side instead of zero

Initial conditions: values that are defined or stated when
the modelling of an observation is set in motion

Intersection: the point at which two or more objects, or
functions, meet



Invariant: a point, or a set of points, that never change
their value

Inverse matrix: a square matrix that can be multiplied by
the original matrix to produce an identity matrix

Iteration: a repeat of a mathematical procedure applied to
the result of a previous iteration

L

Lamina: a 2-dimensional surface with both mass and
density

Limiting friction: a maximum value of static friction for
which motion is impeded

Line of intersection: a line that is common to two or more
planes in 3-dimensional space

Linear motion: motion that occurs in a straight line; it can
be described with one spatial dimension

Logarithmic form: meaning that the answer should be
written in exact form, using logarithms, usually In

M

Matrix (plural: matrices): a rectangular array that consists
of elements that are numbers or expressions, arranged in
rows and columns

Model: an equation or system of equations that are used
to closely resemble an observed phenomenon

Modulus of elasticity: a value that measures the resistance
of an object to being stretched or compressed

Moment: a turning effect produced by a force acting at a
distance on an object

Momentum: the quantity of motion of a moving body,
measured as a product of its mass and velocity

N
Natural length: the original length of a spring or string
before any forces act upon it

Newton’s equations of motion: the set of equations that
govern motion where the acceleration is constant

Newton’s experimental law: a law that relates the velocities
of two objects before and after collision

Non-parametric test: a test that does not require knowledge
of the underlying distribution

Non-singular matrix: a matrix that has a non-zero
determinant and an inverse

nth roots of unity: the n solutions of the complex equation
=1

0]

Oblique: a type of asymptote that is neither horizontal nor
vertical

Obligue collision: a collision in which the line of centres of
the two objects is not parallel to both the objects’ direction
of motion

Glossary

Order (of a matrix): the order of a matrix is the size of the
matrix defined by the number of rows (m) and columns (n)
and written m X n

Osborne’s rule: a rule that changes trigonometrical
identities to hyperbolic identities

P

Parabola: a plane curve formed by intersecting a right
circular cone with a plane that is parallel to the generator
of the cone

Parabolic trajectory: a trajectory modelled by motion

in a 2-dimensional plane for which the acceleration is
constant

Particle: a small point mass used to represent a larger
object

Particular integral (PI): a function used to convert
inhomogeneous equations to homogeneous equations
Particular solution: a solution generated by given initial or
boundary conditions

Percentile: a measure indicating the value below which a
given percentage of observations in a group of observations
fall

Perfectly elastic: a collision between two particles in which
no kinetic energy is lost

Piecewise function: a function which is defined by several
sub-functions, each applying to a certain interval of the
domain

Polar coordinates: a 2- or 3-dimensional system for which
the distance from the origin and the angle turned through
are ordinates

Polynomial: a function consisting of many terms of a
variable, with each term having a different non-negative
integer power

Position vector: a vector that measures displacement from
a given origin

Primitive: the inverse of a derivative, an indefinite integral
Probability density function: a function that describes the
relative likelihood for the random variable to take on a
given value

Probability generating function: a function that describes
the probability of the discrete variable having a value, but
in the form of a polynomial

Projectile: a particle or object that, once thrown, continues
to move under its own inertia and the force of gravity

Q

Quadratic: a polynomial with a leading term of power 2
Quartic: a polynomial with a leading term of power 4

R

Rational function: an algebraic fraction in which the
numerator and the denominator are polynomials
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Reduced row echelon form: a matrix that has only the
leading diagonal of elements that are non-zero
Reduction: a way of simplifiying an integral through
integration by parts and a recurrence relation

Reflection: a transformation in which all points in the
image are equidistant from a mirror line with their original
positions

Rigid body: a body that remains in equilbrium in all directions
Root: a solution of an equation

Rotation: a transformation in which a plane figure rotates
about a fixed point

Row: a horizontal collection of terms, such as in a matrix

Row echelon form: a matrix that has a lower triangle of
zeros and a leading diagonal of non-zero elements

S

Scalar equation of a plane: the standard definition of a
plane, written in the formr-n=a-n

Scalar product: the result of projecting the length of one
vector parallel to the direction of another vector

Sequence: a set of mathematically ordered values or terms
Series: the sum of the terms of a sequence

Shearing: each point in a shape is displaced by an amount
that is proportional to its distance from a fixed parallel
invariant line

Singular matrix: a matrix that has a zero determinant, and
as a consequence it cannot be inverted

Stretch: a type of transformation in which curve, or shape
has either its x or y values changed by a scale factor

T

Top-heavy fraction: a fraction where the numerator’s
algebraic expression is the same degree or higher than that
of the denominator’s expression

Turning point: a point on a curve at which the gradient 18
equal to zero and where the gradient is of a different sign
on either side of the turning point

U

Uniform: identical or consistent throughout

Unit hyperbola: a curve with the equation x* — y* =1
Unit vector: a vector of magnitude |

Y
Vector determinant: see Determinant

Vector equation of a line: the vector representation of a
line, written in the formr =a + b?

Vector equation of a plane: the vector representation of a
plane, written in the formr =a + bs + ¢/

Vector product: the crossing of two vectors to create a
common perpendicular vector, also known as the cross
product

zZ

7Zero matrix: a matrix that has all its elements as zeros



Index

acceleration
circular motion 356
with respect to displacement 403 -5
with respect to time 398—401
acceptance region 207, 208
addition of matrices 59—60
alternative hypothesis (H)) 192
angle between a line and a plane 133
angle between two planes 129-30
angle of depression 312, 313
angle of elevation 310
angular speed 355-6
arc lengths
in Cartesian form 509-10
in parametric form 510-11
in polar form 511-12
area enclosed by a polar curve 104-8
area of a parallelogram 120
area of a triangle 121
areas, limits of 515-20
Argand diagrams 532-5
asymptotes 17
derivation of the term 40
oblique 24§
vertical and horizontal 18-23
augmented matrices 635
auxiliary equations 551

banked surfaces 362-3
barycentre 334
binomial distribution
goodness-of-fit test 227-8
probability generating functions
(PGFs) 2834
boundary conditions, differential
equations 5546

calculus see differential equations:
differentiation; integration
cardioid curves 1001
Cartesian equation of a plane 128-9
Cartesian equation of the trajectory of
a projectile 31416
catenary curves 434
Cayley-Hamilton theorem 459-60
centre of mass
of a composite body 331-4, 338-40
of a rectangular framework 327-8
of a rod 326-7
of shapes formed from wire 334

of solids 336-40
of a uniform lamina 328-30
characteristic equation of a matrix
449
Cayley—Hamilton theorem 459—60
chi-squared () statistic 223-5
chi-squared () tests
contingency tables 237-43, 2456
goodness-of-fit tests 221-33
circles, polar coordinates 98-9
circular functions 432
circular motion 354
acceleration 356
angular speed 355-6
banked surfaces 362-3
conical pendulum 360-2
force towards the centre 3567
horizontal 355-9
with more than one force towards
the centre 3634
vertical circles 365-74
worked past paper question 376
closed form of a probability generating
function 281
coalescing particles 41314
coefficient of restitution 414—16
collisions
oblique 417-20, 4234
for particles that coalesce 41314
perfectly elastic 414-16
between three particles 421-3
between two particles and a
wall 420-1
worked past paper question 427
comparison tests 520
complementary function of a
differential equation 5524, 5601
complex numbers 525
de Moivre’s theorem 525 -9
modulus argument form 525
powers of sine and cosine 529-32
roots of any complex number 535-6
roots of unity 532-5
complex summations 537-41
composite bodies, centre of mass 331-4,
338-40
compression of a spring 381-2
cones, centre of mass 336-—8
confidence intervals
for the difference in means 210—14

for the mean 207-9
worked past paper question 216
conic sections 432
conical pendulum 3602
conservation of energy 366
conservation of momentum 413
constraints 222
contingency tables 2378
contributions 239, 240
degrees of freedom 238
hypothesis tests 239—43
worked past paper question 2456
continuous random variables 155
cumulative distribution functions
161-5, 168-9 of g(X) 17881
E(g(Xx)) 174-6
mode 170-2
moment generating functions 291
percentiles 1658
probability density functions 155-60,
168-9 of g(X) 180-3
worked past paper question 1856
continuous uniform distribution 232-3
contributions, contingency tables 239, 240
Yates’ correction 241
converging series 50—4, 515-20
convolution theorem 2925
cos x, Maclaurin series 490
cos™! x, differentiation 485-6
cosech x 435
differentiation 483
cosech™! x 442
cosh x 4334, 436
differentiation 482
hyperbolic identities 438-9
cosh™! x 441, 442
differentiation 4867
cosine, powers of 529-32
coth x 435
differentiation 483
coth™! x 442
cross product (vector product)
119-21
cubes, sum of 50
cubics 5-8, 11
cumulative distribution functions
(CDFs) 158, 161-5
determining the PDF 168-9
of functions of a continuous random
variable 178—81
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percentiles 165-8
worked past paper question 185-6
cusps 100

de Moivre’s theorem 525-9
powers of sine and cosine 529-32
degrees of freedom
contingency tables 238
for fitting a normal distribution
231
for goodness-of-fit tests 222-3
t-distribution 1901
derivatives 158
proof by induction 142-3
determinants
2 x 2 matrices 72
3 % 3 matrices 72-3
using row operations 73-5
vector determinant 120
diagonalisation of a matrix 461-4
difference in means
confidence intervals 210-14
hypothesis tests 197-201
differential equations 545
acceleration with respect to
displacement 403-5
acceleration with respect to
time 398-401
auxiliary equations 551
boundary conditions 554-6
complementary functions 552-4,
560-1
first order 545-50
general solution 545-8
integrating factors 5468
particular integrals 557-63
particular solution 548-50
second order
homogeneous case 5506
inhomogeneous case 557-63
substitution methods 565-72
worked past paper question 573
differentiation 473
hyperbolic functions 481-4
implicit 473-6
inverse hyperbolic functions 4867
inverse trigonometric functions
484-6
Maclaurin series 488-93
parametric equations 47880
shorthand for successive
derivatives 493
triple products 475
worked past paper question 494

discrete uniform distribution 280
goodness-of-fit test 221-5
probability generating functions 283

displacement with respect to time 399-401

divisibility, proof by induction 146-8

dummy variables 281

eigenvalues and eigenvectors 448-53
matrix algebra 454—60
worked past paper question 469-70
elastic potential energy (EPE) 385-7
elastic strings
Hooke’s law 3803
worked past paper question 394
work—energy principle 389-92
elements of a matrix 59
ellipses 432
enlargements 77-8
3-dimensional 85
equilibrium 322
objects on a surface 341-4
suspended objects 3456
toppling versus sliding 3468
worked past paper question 349-50
e¥, Maclaurin series 48990
expectation, functions of continuous
random variables 174—6
expected values, contingency tables 237-8

first order differential equations 545-50
substitution methods 565-8
forces
equilibrium 341-8
moments 322-5
worked past paper question 349-50
frictional forces 341-3
and circular motion 357-9
limiting friction 358
frustum, centre of mass 337
functions of a discrete random variable,
probability generating functions
295-6, 298-9
functions of continuous random variables
cumulative distribution functions
17881
expectation 174-6
probability density functions 178-83

geometric distribution, probability
generating functions 284-5
goodness-of-fit tests
for a binomial distribution 227-8
for a continuous uniform
distribution 232-3

for a discrete uniform distribution
221-5

for a normal distribution 231-2

for a Poisson distribution 228-9

hemispheres, centre of mass 338-40
homogeneous differential equations
550-6
Hooke’s law 380-3
worked past paper question 394
horizontal asymptotes 17-23
horizontal circular motion 355-9
hyperbolas 432
hyperbolic functions 432
differentiation 481-4
exponential forms 432-7
inverse 4403
worked exam-style question 444-5
hyperbolic identities 438-9
hyperbolic substitutions, use in
integration 499-502, 512
hypothesis tests 190, 192
choice of test 195
for the difference in means 197-201
goodness-of-fit tests 221-33
non-parametric tests 25074
paired #-tests 2035
using contingency tables 237-43, 245-6
using ¢-distribution 192-5
worked past paper question 216-17

identity matrix 63
implicit differentiation, second
derivatives 473-6
improper (top-heavy) fractions 19
impulse 412-13
induction see proof by induction
inequalities 29-33
inhomogeneous differential equations
557-63
integral test 516
integrating factors 5468
integration 498
arc lengths 509-12
of inverse hyperbolic functions 502-3
limits of areas 515-20
powers of sine and cosine 529-31
reduction formulae 5038
surface areas 512-14
using hyperbolic substitutions
499-502, 512
using trigonometric identities
498-501
worked past paper question 521



integration by parts 503—4
intersecting planes 129-31, 468
invariant lines and points 77, 78
shearing 82-5
inverse hyperbolic functions 4401
differentiation 486—7
integration 502-3
logarithmic form 442-3
inverse matrices
2 x 2 matrices 65-6
3 x 3 matrices 66-9
Cayley—Hamilton theorem 459—60
and matrix multiplication 69-71
and transformations 78
using row operations 65-8
inverse trigonometric functions,
differentiation 484-6

kinetic energy (KE)
collisions 414-16
vertical circular motion 365-73
work—energy principle 389

limiting friction 358
limits of areas 515-20
linear motion 398
acceleration with respect to
displacement 403-5
acceleration with respect to time
398-401
worked past paper question 407
lines
intersection with a plane 131-3
shortest distance between two
straight lines 125-7
shortest distance from a point to a
line 124-5
vector equation of 123
lines of intersection 129, 130-1
logarithmic form, inverse hyperbolic
functions 442-3

Maclaurin expansions 290
Maclaurin series 488-93
Mann-Whitney U test 269
mathematical induction see proof by
induction
matrices 59
augmented 65
Cayley—Hamilton theorem 45960
characteristic equation 449
determinants 72—5
diagnonalisation 461-4
eigenvalues and eigenvectors 448—53

identity matrix 63
inverse 65-71, 459—60
powers of 62-3, 4624
proof by induction 145
singular and non-singular 68-9
solution of systems of equations
465-8
worked past paper question 46970
zero matrix 62
matrix algebra 45460
matrix operations
addition and subtraction 59-60
matrix multiplication 60—4
scalar multiplication 60
matrix transformations
3-dimensional §5-8
enlargements 77-8
reflections 79
rotations 79-80
shearing 824
stretches 768
worked exam-style question 89
maximum and minimum values, polar
curves 110-12
maximum distance from the origin,
polar curves 109-10
mean (E(X))
calculation from a PGF 287-9
of the sum of independent random
variables 293-5
median 166, 1678
single-sample sign test 251-2
method of differences 52
mode 170-2
models of reality 309
modulus argument form of a complex
number 525
modulus of elasticity 3803
moment generating functions 291
moments 322-5
finding the centre of mass 326-34
moments of the distribution of X 176
momentum 411-13
conservation of 413
see also collisions
motion
Newton’s equations 309
parabolic trajectories 309-13
see also circular motion
multiplication of matrices 60—4
and inverse matrices 69—71

natural logarithmic form, inverse
hyperbolic functions 442-3

natural numbers, sum of 46§
Newton’s cradle 416
Newton’s equations of motion 309
Newton’s experimental law (Newton’s
law of restitution) 414—16
non-parametric tests 250
paired-sample sign test 260—1
single-sample sign test 251-2
Wilcoxon matched-pairs signed-rank
test 263-4
Wilcoxon rank-sum test 26671
Wilcoxon signed-rank test 254-8
non-singular matrices 68—9
normal approximation 584
sign test 252
Wilcoxon rank-sum test 269—70
Wilcoxon signed-rank test 2568
normal distribution
assumptions 190
critical values 584
goodness-of-fit test 231-2
table of values 583
normal to a plane 128, 129
null hypothesis (H) 192

oblique asymptotes 24-8
oblique collisions
between two particles 423—4
with a wall 417-20
one-tailed tests 193, 198
order of a matrix 59
Osborne’s rule 439

paired r-tests 203—5
paired-sample sign test 2601
parabolas 432
parabolic trajectories 309-13
Cartesian equation of 314-16
direction of motion of a particle
316-17
worked exam-style question 319
parallelogram, area of 120
parametric equations
arc lengths 51011
differentiation 478-80, 494
particular integrals 557-63
particular solution of a differential
equation 548-50
percentiles 165-8
perpendiculars, vector product
(cross product) 119-21
piecewise functions 158-9
planes
angle between 129-30
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equations of 128-9
intersecting 129-31, 468
intersecting lines 131-3
line of intersection 130-1
shortest distance to a point 133-5
worked past paper question 136
Poisson distribution
goodness-of-fit test 228-9
probability generating functions 285
polar coordinates 94
polar curves 94
arc lengths 511-12
area enclosed 104-8
cardioids 100-1
circles 98-9
conversion from Cartesian form
95-6
conversion to Cartesian form 95
historical background 106
maximum and minimum values
110-12
maximum distance from the origin
109-10
points of intersection 1034
sketching 96102
spirals 96-8
worked past paper question 114
polynomials 2
cubics 5-8
proof of divisibility 147-8
quadratics 2-4
quartic 8-9
pooled estimate of the population
variance 198-9
potential energy
elastic 3857
vertical circular motion 365-74
powers of complex numbers 525-9
powers of matrices 62-3, 4624
powers of roots of polynomials 11-13
primitives 158
probabilities, calculation from a PGF
289-90
probability density functions (PDFs)
155-60
calculating E(g(X)) 174-6
conditions for 155-6
definition of 158
determination from a CDF 168-9
of functions of a continuous random
variable 178-83
mode 170-2
relationship to CDFs 161-5
worked past paper question 185-6

probability generating functions
(PGFs) 280-3
for a binomial distribution 2834
calculating unknown probabilities
289-90
of a discrete uniform distribution 283
finding the mean and variance 287-9
of a function of a random variable
295-6, 298-9
for a geometric distribution 2845
for a Poisson distribution 285
for the sum of independent random
variables 2925, 298-9
worked exam-style question 301-2
projectiles 309
Cartesian equation of the trajectory
314-16
direction of motion 316-17
from the outer surface of a ¢ircle 370-3
from the outer surface of an arc 3734
parabolic trajectories 309-13
worked exam-style question 319
proof 140, 438
proof by induction
condition for 140
for derivatives 142-3
for divisibility 1468
historical background 149
inductive process 140-1
matrices 145
recurrence relations 144
for summations 141-2
worked past paper question 149

quadratics 2-4, 10
quartics 8-9, 12-13
quartiles 1667

ranked data
tied ranks 256, 258
Wilcoxon matched-pairs signed-rank
test 263—4
Wilcoxon rank-sum test 26671
Wilcoxon signed-rank test 2548
rational functions 17
inequalities 29-33
oblique asymptotes 24-8
points of intersection 18-23, 26-7
relationships between curves 34-40
top-heavy (improper) fractions 19
turning points 20-3
vertical and horizontal asymptotes
17-23
worked past paper question 41

reciprocal functions

determination of curves 34-6

roots of polynomials 11
rectangular (continuous uniform)

distribution, goodness-of-fit test 232-3

rectangular lamina, centre of mass 328
recurrence relations

polynomials 4, 7-8, 9

proof by induction 144
reduced row echelon form, matrices 67, 68
reduction formulae 503-8
reflections 79

3-dimensional 87-8
rigid bodies, taking moments 324
roots of any complex number 535-6
roots of polynomials

cubics 5-8

quadratics 2—4

quartics 8-9

substitutions 10

powers 11-13
reciprocals 11

roots of unity 532-5
rotations 79-80

3-dimensional 85-6

scalar equation of a plane 128
scalar product of vectors 119
scalar triple product of vectors 122
sech x 435
differentiation 483
sech™! x 442
second order differential equations
homogeneous case 550-6
substitution methods 568-72
sector-shaped lamina, centre of mass
329-30
series 46
converging 50-4
sum of cubes 50
sum of natural numbers 468
sum of squares 48-50
summation notation 46
worked past paper question 55
shearing 82-4
shortest distance between two straight
lines 125-7
shortest distance from a point to a line
124-5
shortest distance from a point to a
plane 133-5
sign tests
normal approximation 252
paired-sample sign test 2601



single-sample sign test 251-2
Wilcoxon matched-pairs signed-rank
test 263—4
Wilcoxon signed-rank test 2548
sin x
Maclaurin series 490

powers of 529-32
sin~! x, differentiation 484—6
single-sample sign test 251-2
singular matrices 68-9
sinh x 432-3, 434
differentiation 482
hyperbolic identities 438-9
sinh™! x 441, 442
differentiation 486
sliding 3468
soliton waves 435
spiral curves 96—8
springs
compression of 381-2
elastic potential energy 385-7
Hooke’s law 380-3
squares, sum of 48-50
standard normal distribution
critical values 584
table of values 583
stretches 768
substitution methods, differential
equations 565-72
subtraction of matrices 59—60
sum of independent random variables,
PGFs 292-5, 298-9
summation formulae
cubes 50
natural numbers 468
proof by induction 141-2
squares 48-50
worked past paper question 55
summation notation 46
summations
complex 537-41
determination of convergence or
divergence 515-20
surface areas
curves rotated around the x axis
512-14
curves rotated around the y axis 514
suspended objects, equilibrium 345
systems of equations, matrix solution
465-8

tan x, Maclaurin series 492
tan~! x, differentiation 4856
tanh x 434
differentiation 483
hyperbolic identities 439
tanh™' x 441, 442
differentiation 487
Taylor series 488
t-distribution 190-1
hypothesis tests for the difference in
means 199-201
hypothesis tests for the population
mean 192-5
paired s-tests 2035
tension in a string, circular motion 357,
358-9
tetrahedron, volume of 121-2
top-heavy (improper) fractions 19
toppling 343-5, 3468
trajectories see parabolic trajectories
transformations
3-dimensional §5-8
enlargements 77-8, 85
reflections 79, §7-8
rotations 79-80, 85-6
shearing 824
stretches 768
worked exam-style question 89
triangle, area of 121
triangular lamina, centre of mass 328-9
trigonometric identities, use in
integration 498-501
triple products, differentiation 475
turning points 20-3
two-sample #-tests 198-201
two-tailed tests 1945

unbiased estimator of the variance 19]

uniform distribution see continuous
uniform distribution; discrete
uniform distribution

uniform rods, taking moments 3245

variance
calculation from a PGF 2879
pooled estimate of the population
variance 198—9
of the sum of independent random
variables 293-5
unbiased estimator of 191-2

vector determinant 120
vector equation of a line 123
shortest distance between two
straight lines 125-7
shortest distance from a point to a
line 124-5
vector equation of a plane 128-9
vector product (cross product) 119-21
shortest distance from a point to a
line 124-5
vectors 119
area of a parallelogram 120
area of a triangle 121
historical background 128
scalar product 119
volume of a tetrahedron 121-2
velocity
with respect to displacement 4035
with respect to time 399-401
velocity-time graphs 401
vertical asymptotes 17-23, 25
vertical circular motion 365
on the outer surface of an arc 373—4
particles inside the circle 367-9
particles on a string 366—7
particles outside the circle 369-73
worked past paper question 376
volume of a tetrahedron 121-2

Wilcoxon matched-pairs signed-rank
test 2634
Wilcoxon rank-sum test 266-9
critical values 2701
normal approximation 269-70
Wilcoxon signed-rank test 254—6
normal approximation 2568
worked past paper question 273 -4
wire shapes, centre of mass 334
work—energy principle 385, 389-92

1
= ——, curve sketching 34-6

S(x)
y=|f(x)|, curve sketching 36-7, 38
¥ = f1x|, curve sketching 37-9
¥? = f(x), curve sketching 39-40
Yates’ correction 241

zero matrix 62
z-values 197




